Omitted Variable Bias in Difference-in-Differences Designs

Juejue Wang!, Pedro H.C. Sant’Anna?, Victor Chernozhukov?®, and Carlos Cinelli!

'Department of Statistics, University of Washington
2Department of Economics, Emory University

3Department of Economics, MIT

May 19, 2026

Abstract

We study the omitted-variable bias (OVB) problem in canonical difference-in-differences (DiD)
designs when unobserved confounding induces departures from the parallel trends assumption.
Our results provide a novel characterization of the OVB formula for the average treatment effect
on the treated (ATT), which may be of independent interest. We show how the ATT bias
is mainly governed by the strength of confounding in the treatment-selection mechanism and
provide alternative ways of quantifying this strength, such as (i) changes in the average odds of
treatment among the treated, (ii) confounding imbalance between treated and control units, or
(iii) variation explained in treatment odds among the untreated. Building on these results, we
offer sensitivity statistics for routine reporting, describing the minimum strength of confounding
required to overturn the conclusions of a DiD study, as well as formal bounds on the strength
of confounders based on comparisons to observed covariates or pre-trends. Finally, we provide
flexible and efficient statistical inference methods for the bounds on ATT, which can leverage
modern machine learning algorithms for estimation. We demonstrate the utility of our approach

in an empirical example that estimates the effects of minimum wage on teen employment.

1 Introduction

Difference-in-differences (DiD) has become the most widely used research design for causal inference
with observational data in economics and other empirical sciences (Goldsmith-Pinkham)| 2024)). In

its canonical form, DiD identifies the average treatment effect on the treated (ATT) under a parallel



trends assumption (PTA), which states that, in the absence of treatment, the average outcomes
of treated and control units would have evolved in parallel over time—possibly only after condi-
tioning on a set of observed pre-treatment covariates. Because the PTA concerns counterfactual
trajectories that are never observed for treated units after treatment, it is fundamentally untestable,
and investigators marshal what evidence they can to defend its plausibility in the context of their
investigations.

By far, the most common form of gathering such evidence is performing placebo tests using
pre-treatment information. Researchers typically plot or formally test whether the outcomes of
treated and control groups evolve in parallel before treatment, and read the absence of differential
pre-trends as evidence for post-treatment parallel trends. Recent work has improved the statistical
properties of these tests (Roth, [2022; Bilinski and Hatfield, 2018; [Dette and Schumann, [2020), but
a more fundamental limit remains. Pre-trends speak only to what happened before treatment, and
parallel trends may well hold ex-ante and fail ex-post. Another common practice is to check whether
treated and control groups are balanced on observed pretreatment covariates that are also thought
to be determinants of changes in the untreated potential outcome (Baker et al., 2025). But again,
while null findings on such balance tests are consistent with the parallel trends assumption, they
are not dispositive—there could still be unobserved confounders that induce violations of parallel
trends. Moreover, in many settings, observed covariates may be imbalanced, and pre-trends may
differ across groups. Yet, researchers would still like to learn something about the ATT, even if there
is evidence that the parallel trends assumption does not hold exactly.

To this end, sensitivity analyses have been proposed that use observed pre-treatment deviations
from parallel trends to bound the plausible magnitude of post-treatment violations (e.g., Rambachan
and Roth, 2023). This framework has been widely adopted, and is now recommended as a standard
sensitivity analysis tool in the DiD literature (Roth et al., 2023; Baker et al., 2025). While a step
forward from naively assuming that parallel trends hold exactly, this approach still suffers from
shortcomings. By construction, pre-trend extrapolation anchors the sensitivity analysis to features
of the pre-treatment data rather than to the mechanisms that drive violations of parallel trends. It
is informative only insofar as pre-treatment dynamics are a reliable proxy for the post-treatment
counterfactual—an assumption that it cannot itself adjudicate, as it offers no framework for reasoning
about why parallel trends might fail in the first place. One immediate symptom of this deficiency is

that the framework cannot be applied to the simplest, canonical two-period DiD design, where pre-



trends are not available. Importantly, applied work typically discusses violations of parallel trends
as arising from unobserved confounders that jointly shape the selection of units into treatment and
their untreated outcome trends (Callaway and Sant’Annal [2021; Roth et al., 2023; Baker et al.,
2025)[| How can we translate these factors into formal statements about deviations from parallel
trends and the ATT bias? How strong would unobserved confounding have to be to overturn a given
conclusion in a DiD study?

In this paper, we develop a suite of sensitivity analysis tools for DiD that allows one to easily
answer such questions. We first derive a novel characterization of the OVB formula for the ATT.
While motivated by DiD, this result is important in its own right and may be of independent
interest—we elaborate on this point in the related literature below. We show how the bias due
to violations of parallel trends admits a formal decomposition into the product of a scaling factor
estimable from the data, and three interpretable bias factors that researchers already informally
invoke: (i) the strength of unobserved confounders in shaping selection into treatment, (ii) their
strength in shaping the evolution of untreated potential outcomes, and (iii) the alignment between
these two channels. Among these, we further discuss how selection into treatment is the most
important factor for bounding this bias (since the other two factors are each upper bounded by
one), and we offer a rich set of equivalent ways that practitioners can use to reason about it, such
as how unmeasured confounding increases the average odds of treatment among the treated, widens
the covariate imbalance between treated and control units, or explains variation in treatment odds
among the untreated.

Next, we derive (extreme) robustness values for DiD. These are sensitivity statistics that charac-
terize the minimum strength of unobserved confounding needed to overturn a given conclusion about
the ATT (Cinelli and Hazlett, 2020, [2025a}; [T'sao et al., [2026; Chernozhukov et al. |2026). Routine
reporting of these quantities, alongside point estimates and standard errors, provides a quick and
simple way to communicate how robust DiD findings are to violations of the parallel trends as-
sumption. We also offer formal bounds on the ATT based on plausibility judgments about how
the strength of unobserved confounders compares against the explanatory power of observed covari-

ates. These bounds connect naturally to balance checks already performed by applied researchers,

'For example, [Roth et al.| (2023 states that “even if one conditions on observable covariates, there are often
concerns that the necessary parallel trends assumption may be violated due to time-varying unobserved confounding
factors.” And, as [Baker et al.| (2025) put it, parallel trends deviations may be due to “shocks that jointly shape

treatment decisions and untreated outcomes.”



who compare observed covariates across treated and control groups as informal evidence for parallel
trends. Our framework gives these comparisons a direct role in sensitivity analysis, allowing the
observed imbalance on measured covariates to discipline judgments about the unobserved imbalance
one is willing to entertain. When multiple pre-treatment periods are available, the same logic applies
to pre-treatment dynamics, allowing our framework to be used in tandem with current pre-trend
extrapolation approaches.

Finally, we provide flexible and efficient methods for statistical inference using Debiased Machine
Learning (DML), which allows the use of modern machine learning algorithms for estimation—
though we note our approach can also be used with standard parametric regressions. We demonstrate
the utility of our approach in an empirical application revisiting the analysis of the effect of minimum
wage on teen employment in|Callaway and Sant’ Anna|(2021). Open-source software for R implements

the methods discussed in this paper.

Related literature. Our work contributes to the growing literature on sensitivity analysis for
DiD, where the dominant approach is the pre-trend extrapolation framework of |[Rambachan and
Roth| (2023). Pre-trend extrapolation is best understood as a way of benchmarking the plausible
magnitude of post-treatment violations against observed pre-treatment dynamics. What it does not
do, however, is explain how such violations arise in the first place. Our framework fills this gap
by decomposing the bias into interpretable factors tied to selection into treatment and untreated
outcome evolution, and in doing so, it opens the door to a broader set of benchmarking strategies.
Pre-trend extrapolation becomes one such strategy—a way of calibrating the magnitude of the bias
factors against pre-treatment dynamics—but it is no longer the only one. Observed covariates, for
instance, can also be used to benchmark the plausibility of unobserved confounding directly, further
connecting sensitivity analysis to the balance tests that applied researchers already perform as a
matter of course. We provide a formal way of doing both in this paper (see Section .

Our work is also related to the broader literature on sensitivity analysis for the ATT. In particular,
our results are most closely related to |Chernozhukov et al. (2026]), who develop a general OVB
framework for linear functionals of the conditional expectation of the outcome, which encompasses
the ATT as a special case; see Bach et al.| (2025) for a direct application of |Chernozhukov et al.
(2026)) to DiD designs using this unconditional parameterization. Though we build on |Chernozhukov
et al.| (2026, our OVB formula for the ATT differs from the one presented there because we exploit

a structural feature of the AT T—mnamely, that the bias admits a parameterization conditional solely



on the untreated units. This parameterization has several desirable properties, such as requiring
plausibility judgments only on the local parameters that directly drive the bias. We further extend
Chernozhukov et al.| (2026) by providing alternative ways of quantifying selection strength in terms
of treatment odds as well as covariate imbalance, both for our preferred conditional parameterization
and for the original unconditional parameterization. See Appendix for a detailed discussion.
Our results are also closely related to the variance-based sensitivity analysis proposed by [Huang
and Pimentel (2025) for weighting estimators, which bounds the bias of the ATT by restricting an R?
measure of the balancing weights. Our approach differs from theirs in four main ways. First, we use
a non-centered parameterization of selection strength, which naturally avoids a zero-denominator
issue acknowledged in Huang and Pimentel (2025). Second, we further decompose the bias into
three components—the strength of confounding in treatment selection, its strength in untreated
outcome trends, and the alignment between the two. We show that Huang and Pimentel (2025)’s
parameterization bundles the trend and alignment components together, so that their upper bound
on the bias implies setting these two components to one. Third, their benchmarking analysis uses
observed covariates in a way that is anti-conservative relative to ours. Fourth, we use debiased
machine learning for statistical inference. In Appendix [F.2] we provide a detailed discussion of all
these points, while also extending and completing the derivations in Huang and Pimentel (2025) to

obtain results analogous to ours in their centered parameterization.

Outline of the paper. The rest of the paper is organized as follows. Section [2] introduces the
running example, in which we examine the effect of minimum wage increases on teen employment.
Section [3] formalizes the omitted variable bias problem in the canonical two-period DiD design. We
derive an exact bias decomposition for the ATT under violations of parallel trends and show how the
magnitude of the resulting bias can be summarized in terms of interpretable measures of the strength
of confounding in driving treatment selection and explaining the outcome evolution. Section [4] then
develops tools for assessing the plausibility of such confounding strengths by benchmarking sensitivity
parameters against observed covariates or pre-trends. Section [5| discusses estimation and inference
for our proposed framework using debiased machine learning. We then return to the minimum-wage
application in Section [ where we illustrate the proposed methods for sensitivity analysis in practice.

We offer some final remarks in Section [7] Proofs and additional results are deferred to the appendix.



Notation. We write R%/N  for the (possibly uncentered) R? from the orthogonal linear projection
of a scalar random variable Y onto a random vector X. We write n{_ for the corresponding
non-parametric R?, obtained by replacing the best linear predictor with the best predictor of Y
given X, i.e., the conditional expectation function E[Y | X]. The partial R? of Y with U given
X is defined as R%/NU‘X = (Ry .y x — Ry _x)/(1 — R} _ ), with analogous definitions for the
non-parametric version. We use the conventional notation dL/dP to denote the Radon-Nikodym
derivative of measure L with respect to P. For two probability distributions P < @) we define the
chi-squared divergence of P from Q as x*(P|Q) = [(dP/dQ—1)*dQ. We use Py, to denote the

probability distribution of vector V' given W = w. We use F,, to denote the empirical expectation,

ie, En[f(Xo)] = & 20 F(X0).

2 Background and running example

In this section we introduce the running example used throughout the paper. This example serves
three main purposes: (i) it illustrates the standard use of pre-trends and covariates as a tool for
assessing the plausibility of parallel trends; (ii) it shows how our framework already refines this
standard analysis through a richer characterization of observed biases; and (iii) it sets the stage for

the formal sensitivity analysis to unobserved confounders that we develop in the rest of the paper.

2.1 The effect of minimum wage on teen employment

Whether increases in minimum wages reduce teen employment has been actively debated in labor
economics for decades, with credible evidence on both sides (Neumark and Shirley, |2022; Dube and
Lindner, [2024). Here we revisit the analysis of |Callaway and Sant’Anna (2021), who study this
question using a difference-in-differences design.

Between 2001 and 2007, the federal minimum wage remained at $5.15, but several states raised
their own minimums above this floor at different points in time. |Callaway and Sant’Annal (2021)
exploit this variation in treatment timing to estimate group-time average treatment effects for each
cohort of states, defined by when they first raised their minimum wage above the federal level. To
fix ideas, here we focus on the last cohort, the states that raised their minimum wage in 2007. The
treated group consists of the 584 counties in those states, and the control group consists of the 1,377
counties in states that never raised their minimum wage above the federal floor before 2007.

An investigator interested in estimating the ATT might start the analysis by positing that, in



the absence of any policy change, teen employment in treated and control counties would have
evolved in parallel over time. Under this parallel trends assumption, the ATT is identified by the
usual canonical two-by-two difference-in-differences estimand. The results are shown in panel (a) of
Figure [1] (see also Table H The treatment effect of interest is the estimate for 2007, and we find
that increases in minimum wages resulted in a 2.77% reduction in teen employment for that group.
This is a sizable, policy-relevant negative effect, but how credible is this estimate?

Beyond the effect of interest, Figure a) also shows pre-treatment estimates (“pre-trends”)
from 2002 to 2006, which are now commonly used to assess the plausibility of the parallel trends
assumption. If the untreated trends of both groups were indeed evolving in parallel over time, these
pre-trends should be equal to zero, barring sampling variation. Yet, the 2006 pre-trend is -3.9%,
which is not only large and statistically significant, but also of the same order of magnitude as the
treatment effect estimate itself. This suggests that treated and control counties were already on
diverging trends before any policy changes.

What might explain such deviations from parallel trends? A natural concern is that employment
in counties with different characteristics may not evolve in parallel over time. To probe this concern,
another common approach is to check whether the treated and control groups are balanced in terms
of covariates that could plausibly affect employment trajectories. Table [2| reports standardized
differences in means for several such characteristics. We find that treated counties are more populous,
whiter, more educated and have lower poverty rates than control counties; they are also concentrated
in the Midwest and West, with the South substantially underrepresented. Most differences exceed
the 0.25 threshold, conventionally regarded as problematic (Imbens and Rubin, 2015; Baker et al.|
2025)). These are the kind of imbalances that could account for parallel trends violations, and they
motivate adjusting for observed covariates before drawing any conclusions about the policy effect.

To alleviate such concerns, panel (b) of Figure [l reports DiD estimates under a conditional
parallel trends assumption, which requires only that counties with the same observed characteristics
would have evolved in parallel over time. These estimates account for observed covariates non-
parametrically, using random forests and debiased machine learningﬂ as we will discuss in Section
The treatment effect estimate is now -3.66%, somewhat larger in magnitude than the unconditional

estimate, and points to the same conclusions. However, the 2006 pre-trend estimate also remains

2We use uniform confidence bands constructed via multiplier bootstrap (Callaway and Sant’Anna) [2021)) with 1,000

iterations. See Algorithm E in Appendix H for details.
3We use 10-fold cross-fitting. Details of the tuning parameters can be found in Appendix



essentially unchanged. In other words, though adjusting for observed covariates has not changed our
treatment effect estimate, it has not resolved the pre-trend problem either. This persistent pre-trend
deviation suggests confounding is acting through factors not captured by the observed data.

At this point, the standard recommendation in the DiD literature is to proceed with a sensitivity
analysis of the type of Rambachan and Roth| (2023). It proceeds as follows: take the 2006 deviation
of -3.8%, assume the same deviation persists in 2007, and subtract it from the conditional estimate
of -3.66%. Since 3.8% is larger than 3.66%, this is evidently enough bias to overturn our original
conclusion. This approach is straightforward and an improvement over simply assuming parallel
trends and ignoring the problem. But it is also somewhat unsatisfactory as it leaves several ques-
tions unanswered. Why have the observed covariates barely changed these estimates, despite their
substantial imbalance? Should we be looking at standardized mean differences or something else?
What kind of unobserved confounding would have to be at work to produce these biases? And is
pre-trend extrapolation the only way to gauge the plausible magnitude of such confounders?

As a preview of how the results of this paper can help analysts answer these questions, we show
that the difference between the conditional and unconditional estimates in fact admits the following

exact decomposition:

(—0.0277)  —  (—0.0366) = 0.0089 = 0.194 x0.117 x 2.548 x 0.154.
—— —— —— —— ——

Unconditional Estimate  Conditional Estimate Bias Alignment ~ Trend  Selection Scale

Table |3| reproduces the above decomposition using all covariates, and also presents analogous decom-
positions obtained by adjusting for each observed covariate separately. Almost every applied DiD
paper conditions on covariates, yet the standard narrative about why they matter rarely extends
beyond covariate imbalance. Decompositions such as the one above provide an exact post-mortem
of how covariates affect (or not) the results.

First, the “selection” component confirms that indeed there is a sizable distributional imbalance
between treated and control groups, corresponding to a chi-squared divergence of 2.5482 ~ 6.5—note
the relevant metric of distributional imbalance here is not the commonly used standardized mean
difference, though in some cases the two may be close to each other, as we will discuss. Second,
one of the reasons why this imbalance does not translate into a substantial difference in estimates
in our running example is because these covariates explain only 0.117? ~ 1.4% of the variation in
trends among the control group (the “trend” component). Third, for bias to arise, covariates must

affect both channels jointly—their effect on the outcome trend must correlate with their effect on



selection. This correlation, the “alignment” component, equals only 0.194 in our example, further
attenuating the bias. As with the conditional estimate, all these components can also be estimated
non-parametrically using debiased machine learning with the tools we provide in this paper. We
argue that exercises such as the one above should be a routine part of DiD studies.

But more importantly, this same decomposition used to explain how observed covariates did
change our estimates can also be used to contemplate how unobserved confounders would have
changed our estimates. For example, it explains what unobserved confounders need to look like,
in terms of their strength in predicting outcome trends and treatment selection, in order to induce
any certain amount of bias—including biases derived from pre-trend extrapolation. Crucially, it
also opens up different ways of gauging the plausible magnitude of confounding. For instance,
if an investigator has grounds to claim that no plausible unobserved confounder is more strongly
imbalanced than the observed covariate region—or, equivalently, in terms of how it changes the odds
of belonging to the treated group—this is also sufficient to bound the bias. We develop these tools

formally in the rest of the paper, beginning with the bias decomposition itself in the next section.

3 Omitted variable bias in difference-in-differences designs

In this section, we formally define and derive the omitted variable bias formula for the ATT in the
canonical DiD design. We show how it can be expressed in terms of interpretable bias factors that
capture the strength of omitted confounding in treatment selection, untreated outcome evolution,

and the alignment between these two channels.

3.1 Problem setup

We begin by introducing the omitted variable bias problem in the canonical two-by-two DiD setup.
Let ¢t € {1,2} index time, where t = 1 denotes the pre-treatment period and ¢t = 2 denotes the post-
treatment period. Let D € {0,1} denote treatment-group assignment, with D = 1 corresponding
to the treated group and D = 0 corresponding to the control group. For each period ¢, Y;(1) and
Y:(0) denote the treated and untreated potential outcomes at time ¢, respectively. We assume the

observed outcome at time ¢ satisfies

Y = DYy(1) + (1 — D)Y;(0). (1)



Equation is often referred to as the consistency assumption, or the stable unit treatment value
assumption (SUTVA).
The causal parameter of interest is the average treatment effect on the treated (ATT) at period 2,
defined as
ATT := E[Y2(1) | D =1] — E[Y»(0) | D =1]. (2)

Now let AY := Y5 — Y7 denote the outcome evolution, X denote a vector of observed covariates
and U denote a vector of unobserved covariates. Suppose that, conditionally on both X and U, the
outcomes of treated and control units would have evolved in parallel over time in the absence of
treatment, i.e.,

E[AY(0) | D =1,X,U] = E[AY(0) | D =0, X, U]. (3)

Under this conditional parallel trends assumption—along with the assumptions of no anticipation
and other regularity conditionsﬂ such as weak overlap below—we obtain the (well-known) result

that the ATT is identified by the following difference-in-differences estimand,
0:=FE[E[AY |D=1,X,U—FE[AY |D=0,X,U] | D=1]. (4)

We refer to 0 as the “long” DiD estimand because it depends both on the observed covariates X
and the unobserved confounders U. The starting point of our analysis is that the investigator has
determined that she is interested in the DiD estimand 6 as in . We further impose the following

regularity conditions.

Assumption 1 (Regularity Conditions). As regularity conditions for the DiD estimand, we as-

sume the outcome evolution is square-integrable E[AY?] < oo and the weak overlap condition

E[P(D=1)"'P(D=0|X,U)""| D=1] < .

Remark 1. We intentionally place limited emphasis on the specific identification assumptions that
endow the DiD estimand 0 with causal meaning. Different formulations of the DiD assumptions can
lead to the same statistical estimand above, after appropriately redefining assumptions and vari-
ables. See, for example, |Callaway and Sant’Annd (2021) for identification results involving group-
time average treatment effects with multiple time-periods, which invoke various different choices of
control groups, parallel trends and no-anticipation assumptions. Another example is the identifica-

tion of the ATT under a regular unconfoundedness assumption, instead of parallel trends—for that

4See Appendix to recall the usual standard DiD assumptions.
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case, one simply replaces AY with Y. Our results apply to any such estimand that can be expressed

in the generic form above.

In practice, however, the unobserved confounders U are not available to the researcher, so we
cannot estimate the “long” DiD parameter 6. Instead, we are forced to estimate its “short” version,

omitting U from the analysis,
0s:=E[EAY |D=1,X]-E[AY |D=0,X] | D=1]. (5)

Note that the parallel trends assumption may not hold if we condition on X alone, and our estimates
may thus suffer from omitted variable bias. In fact, under standard DiD assumptions, the omitted
variable bias due to the omission of U exactly equals the average deviation from parallel trends,

among the treated, from conditioning on X alone, i.e.,

0—0,=—E| E[AY(0)| X,D=1]— E[AY(0)| X,D=0] | D=1

=:5(X) deviation from conditional parallel trends given X.
Consequently, judgments about deviations from parallel trends can be translated into judgments
about omitted confounding. Conversely, the presence of omitted confounders provides a natural way
to explain deviations from parallel trends.
Our goal is to characterize the omitted variable bias—or, equivalently, the deviations from parallel
trends—in terms of the strength of the omitted variable U, capturing the distinct channels through

which U confounds our estimand.

3.2 The omitted variable bias formula

Denote by gop and ggs the long and short regression functions of the outcome evolution for the

untreated group,

go := E[AY|D =0, X, U], gos := E[AY|D =0, X].
The long and short DiD estimands can thus be compactly written as
0 = E[AY —go | D =1], 0s = E[AY — gos | D = 1].

Note that the average treated trend E[AY|D = 1] is the same in both the long and short parameters,
and it cancels out from the bias. The OVB is therefore fully governed by errors in the extrapolation

of the untreated trend from the control group to the treated group. That is,
0 — 05 = —(0o — Oos),
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where,

00 = E[g0|D = 1], and, 903 = E[gos|D = 1] (6)
In order to better understand the nature of this extrapolation, consider the marginal odds, as well
as the short and long conditional odds of treatment,

_P(D=1)
- P(D=0)’

P(D=1|X,U)
P(D=0|X,U)

P(D=1|X)
P(D=0|X)

O: Oxy = Ox =

A key step for our approach is the following lemma, which rewrites 8y and 0y as inner products of
the conditional regression functions and rebalancing weights given by the conditional to marginal

odds-ratio, under the control population.

Lemma 1. Under Assumption the long and short parameters 0y and Ops in (@ can be written as

eozE[go(OgU> |D=0}, 90s=E[goS(O(§) |D=0].

Moreover, gos = Elgo | D =0, X] and Ox = E|Oxy | D =0, X].

The fact that gos = E[go | D = 0, X] follows directly from the law of iterated expectations. The
property Ox = E[Oxy | D = 0,X] can be verified by applying Bayes’ rule. Using this lemma,
we can derive the following characterization of the OVB for the ATT. It shows that deviations
from parallel trends can be exactly characterized by the ability of omitted confounders to explain

treatment selection—as parameterized by the odds of treatment—and trend variation, jointly.

Theorem 1 (OVB for the ATT). Consider the long and short estimands 6 and 65 in and (@
Under the regularity conditions of Assumption the OVB is given by the (negative of the) covariance
of errors induced by the omission of U both in the regression function and in the odds-ratio, among

the untreated units,

H—GS:—COV(go—gos, %_Oﬁx D:O>.

Moreover, this bias can be further expressed in terms of R? measures:

0—0s=—po Coay Cop So,
~N Y N N
alignment trend selection scale
where,
1— R?
. _ 2 2 2 . Oxy~Ox|D=0
po := Cor (go — gos,Oxv — Ox | D =0), Coay = NAY ~U|X,D=0> Cop = RZ )

OXUNOx|D=0

12



and
2 2 2 2 2 Ox ?
So = 03sVs 0ps = E[Var(AY | X, D =0) | D = 0], vys = FE o

Theorem [1| rewrites the average deviation from parallel trends in terms that more conveniently

D:o].

rely on scale-free partial R? measures of association characterizing the strength of unobserved con-
founding. The bias decomposes into the product of three non-identifiable bias factors, pg, Coay,
Cop—which need to be restricted by plausibility judgments on the strength of confounders—and an
identifiable scale factor, Sy, which is estimable from the observed data. Note that bias arises only
when all bias factors are non-zero. We now examine each term below.

The “trend” component Cg,y- measures the strength of confounding in explaining trend variation.
Formally, this is measured by 772AY~U| X.D=0 which is the non-parametric partial R? of AY with U,
given X, among the untreated. This quantifies how much residual variance of the trend in the control
group is explained by the omitted confounders, after taking into account what is already explained
by X. The less confounders can explain trend variation in the control group, the less the potential
of such confounders to induce deviations from parallel trends. Note this component can always be
left unconstrained by the investigator, as it is naturally upper bounded by 1.

The “selection” component C'SD measures the strength of confounding in explaining selection
into treatment. Formally, this is driven by 1 — R?)XUNOX| p_g- 1-€., the share of variation in the long
treatment odds of the control group which cannot be explained by observed covariates alone. While
this latter quantity is also an R? which can be upper bounded by 1, note the selection term CgD is
given by the ratio, (1— R2OXU~Ox\ Do)/ RQOXUNOX| o> Which can be arbitrarily large. Therefore, the
treatment selection component must always be restricted. To aid plausibility judgments regarding
C’gD, we provide alternative characterizations of treatment selection in the next section below.

Together, the two sensitivity parameters, ”2AY~U| X.D=0 and 1 — RQOXUNOX‘ p—o> characterize the
strength of confounding in explaining trends and treatment odds. However, for bias to arise, it is
not sufficient for confounders to create errors in the trend and selection components; these errors
must be systematically aligned. This is captured by the “alignment” component pg, defined as
the correlation between these two errors in the control arm. Similarly to the trend component, in
the worst case, the alignment component can also be left unconstrained by the investigator, as its
magnitude is upper bounded by 1.

Finally, the identifiable scale factor Sy translates these three scale-free measures of the strength of

confounding back into the original units of the ATT. The scale factor is characterized by the strength

13



of observed covariates in explaining variation in outcome trend and selection into treatment. The
first component, 085, measures the left-over variation of the trend in the control group after taking
into account the part explained by X. Note the more variation X explains of the outcome trend, the
less room there is for unobserved confounding to create bias. Moving to Vgs, it shows the opposite
relationship holds with respect to the strength of covariates in explaining treatment assignment.
This term captures the norm of rebalancing weights, and it measures how well observed covariates
separate treated from control units. The stronger this separation, the less identifying variation is
being used to estimate the ATT, and the more leverage unobserved confounding has to drive the
bias. Note I/gs is also directly interpretable as the imbalance of observed covariates between treated

and control units, as measured by the chi-squared divergence, as we show next.

3.3 Making sense of treatment-selection strength

As we have seen, the OVB formula for the ATT is particularly sensitive to selection strength, both
unobserved (via C2,)) and observed (via 1/3,). It is therefore useful to develop alternative ways of un-
derstanding and reasoning about these quantities. In this section, we provide such characterizations
in terms of increases in average treatment odds and covariate imbalance, with the goal of helping
researchers specify plausible upper bounds on the unobserved selection strength C’gD using the scale
most familiar to them in their own applications.

For example, in genetics, psychology, economics and other quantitative social sciences, researchers
routinely think in terms of variance explained and related R? measures (Cohen, [2013; Imbens,
2003; |Oster}, 2019; |Cinelli and Hazlett, 2020} 2025a; |Cinelli et al., [2022; (Chernozhukov et al., 2026)).
In medicine and epidemiology, odds and odds ratios are commonly used to characterize selection
into treatment (Rothman et al., 2008; Ding and VanderWeele, [2016)). Covariate imbalance—often
summarized by the standardized mean difference, itself a common effect size, (Cohen, 2013)—is a
widely used balance diagnostic in observational studies and randomized trials (Rubin, [2001; |Stuart),
2010). Each of these communities has developed intuition about what counts as “large” or “small”
on its own scale. Our goal is to formally connect these measures, allowing researchers to approach the
OVB problem from these different perspectives. The following lemma provides the basic identities

linking treatment odds, changes of measure, and covariate imbalance.

Lemma 2. Under the weak overlap condition of Assumption[l], the following identities hold:
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1. Odds-ratio as change of measure:

Oxy  dPxyp=1
O dPx yip=o

2. Control-to-treated odds identity:

E[0%y | X,D=0] =O0x x E[Oxy | X,D =1].

3. x?-Divergence as an average odds-ratio:

Oxu

X (Px.u1p=1lPx.vjp=0) = E [ 0

D—l}—l.

Applying these identities yields equivalent expressions for the selection-related components CgD

and 13, in terms of increase in average treatment odds and x2-divergence.

Corollary 1 (Alternative characterizations of CgD and ugs). Under the weak overlap condition of

Assumption the components CgD and V3, of Th,eorem admit the following additional interpreta-

tions:

1. Increase in average treatment odds among the treated:

BlOxy|D=1-F0x|D=1]  , FEOxD=1]

2 _
CUD - E[OX | D= 1] ) Vos = I9)

2. Covariate imbalance between treated and control units:

2 2
X (Px,uip=1lPx,uip=0) = X" (Px|p=1[lPx|p=0) 2 2
7 7 ) Vos = X (Px|p=1||Px|p=0) + 1.
XQ(PX|D:1HPX|D:O)+1 0s ( X|D 1” X|D 0)

2 _
COD_

The odds characterization gives a direct way to translate substantive restrictions on the propen-
sity score into bounds on C’gD. For example, if one believes that the inclusion of U at most doubles
the average odds of treatment, among treated units, then Corollary 1| implies CgD < 1. This rela-
tionship also clarifies the connection between the selection component CZ, of the OVB formula and
sensitivity models based on worst-case bounds on odds ratios. The marginal sensitivity model of
Tan| (2006)), for instance, assumes

_ Oxu
Al < 222 <A
<Oy S

almost surely, for some A > 1. Such a restriction implies

(A-1)
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Thus, for example, if one believes U cannot double (or halve) the odds of treatment not only on
average, but uniformly, this implies the tighter restriction CgD < 1/2. This also makes it clear that
worst-case restrictions on odds ratios are sufficient, but not necessary, for bounding the bias.
Beyond treatment odds, Corollary [1| also provides a covariate-balance interpretation of CgD.
It shows that CgD captures the additional imbalance introduced by U, relative to the imbalance
already captured by X. Checking covariate balance is standard practice in applied research, often
through standardized mean differences (Imbens and Rubin, [2015; Baker et al., |2025)). As the OVB
formula shows, however, the imbalance measure directly relevant for quantifying the bias of the
ATT is the y2-divergence, which summarizes the full distributional difference between treated and
control groups. Thinking about standardized mean differences, however, can still provide a useful
calibration exercise. For example, if U is binary and independent of X within each treatment groupﬂ
then CO2D reduces to the square of the standardized mean difference, computed using the control-
group standard deviation. In this case, a standardized mean difference of 0.5 would correspond, for
instance, to CgD = (.25, or equivalently, a 1 — R2OXU~OX|D:0 = 0.2. In the appendix we discuss

other similar ways of calibrating intuition about the y2-divergence.

4 Benchmarking the strength of unobserved confounding

The main difficulty in sensitivity analysis is specifying plausible strengths for unobserved confound-
ing. While in some cases researchers may not be able to make absolute judgments about the mag-
nitude of an omitted confounder, they may still have grounds to make judgments of its relative
importance. For example, a researcher may be willing to argue that any unobserved confounder is
no stronger than some observed covariate, or that post-treatment confounding is no stronger than
the confounding revealed by pre-treatment periods. In this section, we develop two benchmarking

procedures that formalize these comparisons.

4.1 Comparing unobserved confounders against observed covariates

Our first analysis compares the gains in explanatory power due to unobserved confounders with the
observed gains in explanatory power from key observed covariates. Let X; denote the benchmark

covariates against which we wish to calibrate the strength of U, and let X_; denote the remaining

®Note this is unlikely to happen, because D is a collider for U and X, but this is still an interesting thought exercise

to calibrate judgments about 2.

16



covariates, so that X = (X, X_;). We define the following relative strength parameters:

NAY ~UX;|X_;,0=0 — TAY~X;|X_;,D=0 Ox~Ox_;|D=0 Oxu~Ox_;|D=0
kOAY,j = 3 s kOD,j = 1— R2 .
AY ~X,|X_;,D=0 Ox~Ox_,|D=0

Note the parameter kgay,; measures how much additional variation in the untreated outcome evolu-
tion is explained by U, relative to the observed gains in variation explained by X itself. For example,
koay,; = 1 implies that further adding U to the trend regression would lead to similar additive gains
in explanatory power to those observed by adding X;. The parameter kop ; uses the same logic to
measure the relative gain in explanatory power with the treatment odds. As discussed in Section|3.3
this parameter also admits alternative interpretations in terms of the relative increase in the average
treatment odds or the additional imbalance between treated and control groups attributable to U,
relative to that attributable to X;.

The usefulness of these measures is that they allow us to re-express the absolute strength of U

in the OVB formula of Theorem [1] in terms of its relative strength as compared to that of X;:

2 1 — R?
2 _ I{ nAYNXﬂX,j,D:O 1 R2 o k Ox~OX7j‘D:O
NAY ~U|X,D=0 = FOAY,j 1_ 2 ) — oy y~Ox| D=0 = KOD,j 5
AY ~X;|X_;,D=0 Ox~Ox_,;|D=0

Therefore, plausibility judgments on the relative importance of U as compared to X, both in ex-
plaining outcome evolution, and treatment odds, can be leveraged to bound the bias. Note that we
can use different subgroups of covariates to bound 772AY~U| x.p—o and 1 — R?)XUNOX| p—o- Thus, if
one group of covariates is known to be especially important for explaining treatment selection, while
another group is known to be especially important for explaining outcome evolution, the researcher
can incorporate this information directly into the sensitivity analysis.

Finally, one may also benchmark plausible values for the correlation of errors pg. Notice that pg
is not a measure of explanatory power of the confounders. Rather, it measures how systematically U
shifts the odds of treatment and outcome evolution in the same direction. This is partly connected
to the functional form of confounding. For example, if U enters the treatment and trend equations
with different functional forms, this will generally attenuate the bias. To calibrate this judgment
empirically, we may use as a reference the observed Pearson correlation between the outcome and

treatment-odds errors induced by X;, as measured by
po,; == Cor(gos — gos,—j» Ox —Ox_, | D =0).

An advantage of benchmarking the bias factors pg, Coay and Cyp separately is that it allows

researchers to entertain richer confounding scenarios. For example, one may posit that an unobserved
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confounder is comparable to X; in terms of explaining treatment selection and outcome evolution,

while remaining agnostic about alignment. Further details can be found in Appendix

4.2 Comparing post-treatment bias against pre-treatment bias

We now connect the OVB framework to pre-trend extrapolation approaches such as|Rambachan and
Roth! (2023). Existing methods typically bound the post-treatment bias by extrapolating deviations
from parallel trends observed before treatment. Our decomposition shows that these extrapolation
assumptions can instead be interpreted as restrictions on the underlying confounding mechanism
itself, and also suggests natural alternative ways of both interpreting and augmenting them. We
consider the simplest case of one additional pre-treatment period, and leave extensions to multiple

time periods to future work.

Quantifying pre-treatment Bias

Consider three time periods ¢t € {0,1,2}, with treatment occurring after ¢ = 1. To estimate the
(placebo) effect in the pre-treatment period, we take ¢ = 0 as the reference and estimate the effect
at t = 1. Let 0P and 65" denote the corresponding long and short parameters. Since no treatment
has yet occurred, #P*® = 0, and the pre-treatment bias from omitting confounders reduces to 65°.
As discussed in Section [3] this bias characterizes the (average) deviation from parallel trends before
treatment.

Let AYP' := Y; — Y| denote the observed outcome evolution prior to treatment, and let
(XPre UPr®) denote the corresponding set of covariates that would make parallel trends hold in

the pre-treatment period. Define

gy i= E[AYP™ | XPC UP® D =0],  gh°:= E[AYP™ | XP D = 0],
and,
oP™® .— P(D = 1|Xpre’Upre) OP™® .— P(D = HXpre)'
XU P(D = 0| Xpre, Upre)’ X 7 P(D = 0|XPre)

By our bias characterization, the pre-treatment bias is governed by three quantities associated with

the omitted confounders UP®:
1 — R?

O% [, ~OX°|D=0

R? ’

O%%~OR*| D=0

pre . pre pre pre pre o 2;pre . 2 2,pre |
po = Cor(gy —gps » Oxy=Ox | D =0), Coay = Naywenymre|xome p=0» Cop =

,pre 2,pre_ 2,pre

together with the pre-treatment scaling factor Sg =04 Vo . Note we allow (XP*, UP™) to be

different from (X, U), but in many cases, such as in our empirical application, they will be the same.
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When (X,U) = (XP, UP™), note the treatment selection component of the bias is immediately
transportable across periods, since Cgﬁre = CgD. In this case we also have uggpre = Vgs.
Note that Y'° does not fully identify the pre-treatment bias factors, but it constrains their

product. That is, the triple of pre-treatment bias factors (pf ng’;e , ng’re) lies in the set of triples

consistent with the (nonzero) pre-treatment bias estimand 65 :

1By RSB = 67

Therefore, two natural strategies emerge for extrapolating the pre-treatment bias to the post-
treatment period in this setting. One is to directly transport the bias magnitude, as is currently
done in pre-trend extrapolation approaches; another is to transport only (some of) the bias factors,

while re-estimating the scaling factor Sy from post-treatment data.

Extrapolating the bias magnitude

As discussed in Rambachan and Roth| (2023)), researchers may be willing to assume that the bias in
the post-treatment period is no larger than k times the bias observed in the pre-treatment period.

This corresponds to the assumption that |0 — 05| < k|05°|, and yields the following bounds
0. = 0, + K]0V,

where both 0, and 65" are estimable from the data. Mapping this to unobserved confounders, this
approach is equivalent to imposing a constraint on the full product of bias factors and the scale
factor, i.e.,

|pol Coay Cop So < klpt “|Coay Cop So - = k05!,

This connection allows us to also think about how different values of k could arise. Indeed, we

can write
|0 iy ‘ _ ( |p0’ C’OAY C10D SO wpre‘
s| — re pre pre pre s |t
|Pg ‘ COAY COD Sp
Defining
_ lpol kay = Coay kp = Cop ks = So
p ‘ pre|» T pre » T pre» T pre»
Po | COAY COD So
we have

0 — 0s| = kpkaykpks [0 = K[65].
k
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Thus, the scalar multiplier £ can be understood as collecting the relative changes in the components
of the bias when moving from the pre-treatment period to the post-treatment period (further note
that kg is estimable from the data).

For example, suppose that the same observed and latent variables enter the pre-treatment and
post-treatment comparisons. In this case, as discussed above, Cop = nge and vgs = Vgge. Suppose

further that the alignment term is stable, so that |pg| = |py |- This gives

C 00s re re re
-0 = (Gt ) (S ) 11 = oy 027 = bl
Cony O0s T

kay ko

In other words, the correct multiplier to transport the pre-trend bias to the post-treatment period
should account for the change in how much variation the latent variables explain of the untreated

outcome evolution, as well as the observed change in the residual variance of the outcome trend.

Extrapolating the bias factors

The previous considerations suggest another natural approach for extrapolating the bias. Rather
than transporting the full magnitude of the pre-treatment bias directly, we can transport only the
bias factors associated with the unobserved confounding mechanism, while allowing the observed

scale component to change across periods. This yields the following bounds

So

Or =0, %k | —os | 1677,
: () o2

where 6, 05°°, Sgre, and Sy are estimable from the data, and k = k,kaykp.

This approach differs from the first in how it handles the scale factor. The first approach
transports the full bias magnitude directly. The second approach, instead, estimates 5(2) from the
post-treatment data, and combines it with the transported bias factors from the pre-treatment
period. Which restriction is preferable depends on the assumptions one is willing to make about the
nature of confounding across periods.

Regardless of the choice of pre-trend extrapolation, the OVB decomposition of Section [3] together
with benchmarking against observed covariates in Section [f.1], allows researchers to clearly translate
these assumptions into statements about the underlying strength of confounding. For example, one
can ask what kind of unobserved confounder would be required to generate the extrapolated post-
treatment bias, in terms of its strength in treatment selection, outcome trends, and the correlation
between the two, and whether such strength of confounding is comparable in magnitude to that of

observed covariates.
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5 Estimation and inference

The previous sections characterize the OVB formula and the associated sensitivity parameters at
the population level. We now discuss estimation and inference in finite samples. In what follows, we
assume we have an i.i.d. sample from the observed data distribution. Appendix [E] reports extensive

simulation exercises to verify the properties of our estimators and confidence intervals.

5.1 Inference under direct restrictions on confounding

Given plausibility judgments on the magnitude of sensitivity parameters |pg|, Coay, Cop, we have

the following bounds on 6:

0+ = 05 =+ |po| Coay Cop So,  with  S2 = o2, 12,

where 65 and 5’8 are estimable from the observed data.

We estimate these components using debiased machine learning (DML), which combines Neyman
orthogonal scores with cross-fitting to enable the use of machine learning methods for nuisance
estimation (Chernozhukov et al., 2018| 2026)). Specifically, let Z := (AY, D, X), p:= P(D = 1) and
m:= P(D =1| X). Estimation proceeds via Algorithm [1, with orthogonal scores

. _ B o (1 — D)ij N B Des
on i) = (2 = T D) (AT g - O )
wags (Z;9057p) = 11__‘5 ((AY - gOS>2 - 0,(2]3) 9 (8)
D (0O 1-D ((0Ox\’
ngS(Z;Trvp):2? <OX_V§S> _1—p<<OX> _V023>' (9)

We denote the resulting estimates as

~

05 := DML(%g, ), Gay = DML(%gS) gy = DML(%&J'

Let 3 € {0s,08,, 3.} denote a generic target parameter and 7 = (gos, 7, p) the vector of nuisance
parameters. The scores —@ admit the representation 13(Z;n) = ¥§(Z;n) B + wg(Z;n). An
application of the results in |Chernozhukov et al.| (2018) for linear score functions yields the follow-
ing lemma, which establishes the asymptotic linearity and normality of the DML estimators, and

characterizes their influence functions.

Lemma 3 (Asymptotic linearity of the DML estimators). Suppose that Assumptions 3.1 and 3.2
from |Chernozhukov et al| (2018) hold for each of the scores g above, and for the estimators of the
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Algorithm 1 DML for estimable components: DML(v3)
Input: The Neyman orthogonal score 13(Z; 1) where 3 is the target to estimate, and 7 is a vector

of the nuisance parameters. A sample {Z;}? ; and an appropriate number of folds L.
Sample Splitting: Randomly partition the sample into L folds of approximately equal size.
Denote each fold by I; and its complement by I}, for [ =1,..., L.
for/l=1,...,L do
Estimate the nuisance parameters using observations in If. Denote the estimates by 7;.
end for
Estimate: Construct the estimator J3 as the solution of 0 = %Zle > e, wE(Zi; m)-

Return: The estimate B and the estimated scores ¢g(Zz'; n) for each i € I; and each [.

nuisance parameters 7;. Then, the DML estimators E are asymptotically linear and Gaussian with
the following properties
vn(B - 72 slZisn) (1) % N(0,02), with 02 = E[(©%(2))?]
V= —Elg(Zim)] e ep T LB ’

_,_/
=:¢%(Z;)

where go%(~) is the influence function. Following Theorem 3.2 in |Chernozhukov et al| (2018), we

denote the estimate of the influence function as @B() = M) /E “(Z;m)] and use (/J'\iﬂ =

E, [(@E(Z))Q} as the estimator for U@ﬁ
Remark 2. Note that the DML estimator for 1/02S can also be used to estimate the chi-squared

divergence of observed covariates, since V3, —1 = XZ(PX|D:1||PX‘D:0)—866 Corollary .

The plug-in estimator for the bounds thus takes the following form,

0. =0 + |po| Coay Cop m

Since gi is a smooth function of asymptotically linear estimators, we can obtain confidence intervals

for the bounds by applying the delta method.

Theorem 2 (Confidence intervals for the bounds). Under the Assumptions of Lemma[3, the esti-

mator é\i 1s asymptotically linear and Gaussian with the following properties

Vi(fs — 0s) = Z@ei )+ 0p(1) 5 N(0,0 03, ) with o, = El(¢y, (2))?),
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1
where o, (2) = ¢4,(2) % polCoay Con x - (73,28 (2) + veby (2)).

Let ® denote the CDF of the standard normal and « denote the significance level. The confidence

9 0
(R SO Y AL S PR el AL

satisfies P(0_ € [l,00)) = 1 —a and P(04 € (—oo,u]) — 1 —a. These results continue to hold if we
replace El(¢}, (2))] with Bal(@5. (7).

interval

5.2 Inference under benchmarking restrictions on confounding

In the benchmarking analysis introduced in Section [4 additional components characterizing the
strength of observed confounding are estimable from the data. We now discuss how to account for
the uncertainty in estimating these components. We begin with benchmarking against observed
covariates.

Given plausibility judgments on the relative strength parameters koay,;, kop,j, the plug-in esti-

mator of the bias bound now takes the following form:

~ ~ ~ kop @ i
_ -~ 5J 0D7.7 ~2 52
01+ = 0s £ |po,j| X | koay,jGoay,j X ————=2— X /0§, Vs
1 — kop,jGop,j

where,
~2 ~2 =2 _ =2 ~
@ . 90s,—j — 90s (/;‘, L Yos — Y0s,—j d . — —(95 - (95’_]')
0AY,j '= — =5 0D,j *= — =5, al pPo,j = — — 5% = .
00s Vis,—j \/(0087_j —03,) x (3, — l/gSV_j)

Here 05 _; denotes the ATT estimand conditional on X_; alone, and ags’_ i and 1/387_ ; are the scaling

factors in our OVB decomposition of 6, — 6, _;. The orthogonal scores for these parameters have

the same form as —@, with the only difference that X_; is used for estimation in place of X.
We now move to benchmarking against pre-trend bias. For fixed k, the first approach yields the

following plug-in estimator of the bias bound
01 = 0, £ k|6,

whereas the second approach gives

L 5\ - _
_ pre . 2 ~2 2 a2,pre _ ~2pre ~2 pre
0y =0tk <§pre |62, with 5§ = 05, Vs and Sy =050 v
0
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The orthogonal scores for the pre-treatment parameters again have the same form as @—@D, re-
placing the post-treatment data with pre-treatment data. In all these cases, éﬂ: is again a smooth
function of asymptotically linear estimators whose influence functions were characterized above.
Thus, inference for the bounds can be performed by applying the delta method. We provide the

corresponding influence functions and asymptotic results in Appendix [C]

5.3 Sensitivity statistics for routine reporting

The previous results allow users to perform detailed sensitivity analyses under a wide range of
confounding scenarios. We now introduce two sensitivity statistics that answer the reverse question:
what is the minimum strength of confounding required to invalidate the conclusions of a DiD study?
These statistics require no assumptions about the strength of unobserved confounding; rather, they
communicate what one must be prepared to believe in order to rule out confounding that would be
problematic. They serve as quick summaries of the overall robustness of the ATT estimates against
systematic biases (Cinelli and Hazlett, 2020}, 2025a; [T'sao et al., 2026; |Chernozhukov et al., 2026)).
Let CIP*7 B3, R, (f) denote the widest (1 — «) confidence interval for the target parameter,

constructed via Theorem [2| such that

2 2 2 2
lpl <1, NAY ~U|X, D=0 = Ray, 1 - ROXU~0X|D:0 < Rp.

The first sensitivity statistic we consider answers the following question: what is the bare minimum
selection strength that confounders need to have in order to overturn the results of a study? In other
words, if we leave both the alignment and the trend components of the bias entirely unrestricted,
what is the minimal strength of confounders with treatment selection alone, such that it would lead
one to not reject the null hypothesis of interest, Hy : 8 = 6*7 This yields the extreme robustness

value (XRV), defined as
XRVg o(f) := inf {XRV : §* € CIT"™ | xrv(0)}

Any confounding scenario with selection strength below XRVy- ,(6) is logically incapable of over-
turning the original conclusions, regardless of how much variation such confounders explain of the
untreated trend.

Leaving the association of the confounder with the trend completely unrestricted may be too

conservative a scenario. Thus, the second sensitivity statistic we propose considers the minimum
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strength of the confounder in explaining both outcome evolution and treatment selection jointly.

The robustness value is defined as
RVQ*@(Q) := inf {RV : 0* S CIIlnf)o(z,RV,RV(Q)} .

Note that any unobserved confounding with trend and selection strength below RVg- () is not
capable of overturning the results of the study. More details on these sensitivity statistics are

provided in Appendix [D]

6 Applying the OVB framework to the sensitivity of DiD

We now return to the minimum wage example of Section [2| and show how to deploy the results of
Sections 3| to |5| to answer the following questions: (i) How strong would unobserved confounders
have to be to overturn the estimated negative effect in 20077 (ii) How does this required strength
compare to that of the observed covariates? and, (iii) What does the 2006 pre-trend imply about

the nature of unobserved confounding when read through the OVB decomposition?

6.1 Minimal sensitivity reporting

Table [4] shows our proposal for minimal sensitivity reporting of DiD estimates. The first columns
report usual estimates of the treatment effect in 2007 under the assumption that parallel trends hold
conditionally on the observed covariates alone. In addition to these estimates, we propose researchers
report the extreme robustness value and the robustness value (Cinelli and Hazlett, 2020, 2025a; Tsao
et al.l 2026; |Chernozhukov et al., |2026)). As discussed in Section these statistics quickly convey
how robust the estimated effect is to the presence of omitted variables.

The extreme robustness value (XRVg«—o, a=0.05) of 0.2% means that confounders that explain
at most 0.2% of the variation in treatment odds cannot explain away the estimated effect, at the
5% significance level, even if such confounders were to explain all leftover variation of the outcome
evolution. Alternatively, the same number can be interpreted as confounders that induce at most a
~ 0.2% increase in the average odds of treatment among the treated. When the XRV is large, this
may provide sufficient evidence for a causal effect in and of itself, by virtue of ruling out confounders
that explain a large fraction of treatment assignment. This turns out not to be the case in our

application, as it seems difficult to rule out confounders that change the odds of treatment by 0.2%.
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We thus move to examining the minimum joint strength that confounders need to have, both in
terms of explaining treatment selection and outcome evolution, in order to explain away the results.

The robustness value of RVg«—g, 4=0.05 = 4.38% indicates that unobserved confounders explaining
less than 4.38% of the residual variation in both treatment assignment and the outcome evolution of
untreated units are not sufficiently strong to render the negative effect insignificant, in the sense of
shifting the upper confidence bound to zero, at the 5% significance level. As before, the alternative
characterizations of selection, discussed in Section offer two additional interpretations of this
value—it corresponds to a 4.58% relative increase in the observed average treatment odds among
treated units, or, equivalently, to a 4.58% increase in covariate imbalance. For a single independent
binary confounder, this corresponds to a standardized mean difference of about 0.2—which is not

implausible in light of observed imbalances, as we have seen in Section

6.2 Sensitivity contour plots and benchmarking

Overall, neither the XRV nor the RV allowed us to quickly rule out confounding of magnitudes
that would be problematic. We thus turn to examining the full range of estimates we could have
obtained under different confounding scenarios, using sensitivity contour plots (Imbens, [2003; Cinelli
and Hazlett, 2020, [2025a;; |Chernozhukov et al.,[2026)). Since the estimated effect is negative, we focus
on the upper confidence bound, which corresponds to the direction of bias relevant for overturning the
original conclusion. The results are shown in Figure [3|(a), where we consider the most conservative
case, with alignment fixed at |pg] = 1. The horizontal axis measures confounding in treatment
selection, whereas the vertical axis measures confounding in the untreated outcome trend, both on
the same R? scale. Each contour line corresponds to confounding scenarios that yield the same
upper confidence bound for #. The black triangle in the lower-left corner corresponds to the upper
bound of the confidence interval reported in Table 4 The red dashed line represents the threshold
scenarios that render the effect insignificant. Any confounding scenario below that line is not capable
of overturning the original conclusion. The virtue of the contour plot is that the investigator can
examine robustness to postulated confounding of any hypothetical strength, by simply reading off
the value at the corresponding coordinates.

To better aid judgments about whether it is possible to rule out confounding strengths revealed to

be problematic, the red diamonds show the scenarios implied by unobserved confounders comparable
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in strength to observed covariates, as discussed in Section The results show that an adversarial
latent confounder comparable to region could be sufficiently strong to completely overturn the results.
Confounders comparable to median income (Imedinc) or race (white), though less extreme than the
regional benchmark, could also bring the upper limit of the confidence interval just above the zero
threshold. By contrast, a latent confounder comparable to poverty rate (pov) would not be sufficient
to overturn the conclusion of a negative effect, though it would substantially reduce its magnitude.
In addition, the blue dashed line represents the scenario implied by extrapolating the 2006 pre-trend
deviation, and it shows what kinds of omitted variables reproduce that amount of bias. We can see,
for instance, that such adversarial confounding would be substantially stronger than race, poverty
or income, though weaker than regional confounding.

All the previous results are conservative, as they set the alignment to one. A less extreme
scenario, again motivated by benchmarking, is to set the alignment to 0.3, which is still greater
than the observed alignment of any of the benchmark covariates. Figure (b) shows that, under
this specification, the original negative effect remains robust to unobserved confounding as strong
as any of the observed benchmarks. Moreover, the 2006 pre-trend deviation itself can no longer
be reproduced by confounding of such magnitudes. Taken together, these results show that the
minimum wage estimate is not immune to omitted confounding of plausible strengths, but also that
overturning the original analysis requires confounding of nontrivial magnitude. More importantly, it
clarifies exactly what one needs to believe in order to sustain the estimated effect. For example, can
we rule out biases as strong as the pre-trend observed for 20067 A critic arguing that the estimate is
not credible must articulate what plausible omitted variables remain that are not only comparable in
magnitude to regional confounding, but also sufficiently adversarial. Conversely, someone defending
the estimate must not only argue against confounding of that magnitude, but also explain why the
forces generating the 2006 deviation would no longer be operating in 2007. While researchers may
not have much confidence in answering these questions, the sensitivity analysis shifts the discussion
from a generic concern about whether parallel trends might fail, to a more disciplined and concrete

discussion about the mechanisms required to overturn the conclusion.

SNote that here we do not propagate uncertainty due to estimated values in benchmarking, though this can be

easily done using the results we discuss in Section
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7 Conclusion

In this paper we provide an omitted-variable bias framework for sensitivity analysis of difference-
in-differences designs when unobserved confounding induces violations of parallel trends. We show
that the bias in the average treatment effect on the treated admits an exact decomposition into
an estimable scale factor and three bias factors, measuring confounding in treatment selection,
confounding in untreated outcome evolution, and the alignment between these two channels. We
also provide alternative characterizations of the treatment-selection component in terms of treatment
odds and covariate imbalance. Building on these results, we derive sensitivity statistics for routine
reporting, develop benchmarking procedures based on observed covariates and pre-treatment biases,
and provide inference methods for the resulting bounds using debiased machine learning.

Possible extensions of our framework include accommodating multiple pre-treatment periods
as well as staggered treatment adoption. In these cases, the OVB analysis we showed here can
be performed period-by-period and aggregated across cohorts and time. Likewise, it is possible
to perform richer benchmarking exercises in these settings, including calibration against the full
sequence of pre-trends and pre-treatment covariates. Finally, extending the analysis to DiD with

continuous and multi-valued treatments is also an interesting direction for future work.
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Group 2007: DiD based on unconditional PTA
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Figure 1: The effect of the minimum wage on teen employment estimated under the unconditional parallel
trends assumption (Panel (a)) and the conditional parallel trends assumption (Panel (b)) using the never-
treated as the comparison group. Estimates are obtained via DML, using the canonical DiD design with
the preceding year as the base period. Red lines give point estimates and uniform 95% confidence bands for

pre-treatment periods. Blue lines provide point estimates and uniform 95% confidence bands for the treatment

effect of increasing the minimum wage.
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Figure 2:

Year 0, Std. Error p-value Confidence Bounds

Pre 2002 -0.0233 0.0078 0.0030 [-0.0442; -0.0023]
2003 0.0175 0.0079 0.0260 [-0.0033; 0.0383]
2004 0.0166 0.0089 0.0631 [-0.0076; 0.0409]
2005 -0.0009 0.0072 0.8971 [-0.0189; 0.0170]
2006 -0.0390 0.0077 0.0000 [-0.0603; -0.0178]

Post 2007 -0.0277 0.0073 0.0002 [-0.0476; -0.0078]

(a) Unconditional Parallel Trends, never-treated as the control

Year 0, Std. Error p-value Confidence Bounds

Pre 2002 -0.0207 0.0104 0.0473 [-0.0483; 0.0069]
2003 0.0179 0.0086 0.0373 [-0.0053; 0.0411]
2004  0.0203 0.0099 0.0394 [-0.0060; 0.0466]
2005 -0.0056 0.0076 0.4612 [-0.0244; 0.0132]
2006 -0.0377 0.0086 0.0000 [-0.0605; -0.0150]
Post 2007 -0.0366 0.0105 0.0005  [-0.0643; -0.0088]

(b) Conditional Parallel Trends, never-treated as the control

Table 1: Detailed numerical results corresponding to Figure
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Distributions of county characteristics by treatment status. Never-treated as the control group.
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Untreated Treated Std. Mean Diff. Var. Ratio Dev.

2 2 11— 10 91 _
Ho 70 i o1 Vo) /2 o
Midwest 0.336  0.223 0483  0.250 0.303 0.120
South 0.593 0.241 0.301  0.212 -0.613 -0.128
West 0.072  0.067 0.216  0.169 0.419 1.536
Population (1000s) 53.425 23,438 84.142 32,850 0.183 0.402
log(Population) 3.018 1.584  3.467 1.781 0.346 0.125
Median Inc. (1000s) 31.889 54.565 33.080 66.654 0.153 0.222
log(Median Inc.) 3.438 0.048 3471  0.053 0.150 0.111
White 0.826 0.026 0.885  0.018 0.397 -0.331
HS Graduates 0.553  0.006  0.577  0.004 0.336 -0.382
Poverty Rate 0.157  0.004 0.138  0.003 -0.324 -0.378

Table 2: This table reports covariate balance between 584 counties (29.8%) in states that increased the
minimum wage above the federal level in 2007 (treated) and 1,377 never-treated counties (controls). From
left to right, the columns report group means, variances, standardized mean differences, and deviations of the

variance ratio from one.
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Bias (from Xj) Alignment (po ;) Trend (Coay,;) Imbalance (Cop,;)

Os; — bs0 Cor (gos,j, Ox; | D = 0) \/UQAYNXHDZO \/X2(ij|1|’ij|o)

Region (Overall) -0.0010 0.291 0.036 0.589
(0.0015) (0.425) (0.023) (0.036)
Region (Midwest) 0.0016 -1.000 0.032 0.263
(0.0006) (0.498) (0.021) (0.030)
Region (South) 0.0013 -1.000 0.015 0.504
(0.0012) (1.921) (0.030) (0.029)
Region (West) -0.0025 1.000 0.033 0.432
(0.0011) (0.611) (0.028) (0.039)
Population (1000s) -0.0016 0.765 0.045 0.295
(0.0007) (0.373) (0.010) (0.032)
log(Population) -0.0017 1.000 0.023 0.286
(0.0007) (1.834) (0.027) (0.032)
Median Inc. (1000s) -0.0002 0.051 0.110 0.179
(0.0006) (0.186) (0.018) (0.034)
log(Median Inc.) -0.0002 0.058 0.110 0.162
(0.0006) (0.210) (0.019) (0.037)
White 0.0011 -0.307 0.060 0.406
(0.0010) (0.261) (0.026) (0.029)
HS degree -0.0026 0.607 0.072 0.389
(0.0010) (0.246) (0.016) (0.026)
Poverty rate 0.0001 -0.029 0.076 0.251
(0.0008) (0.283) (0.026) (0.026)
Xan -0.0089 0.194 0.117 2.548
(0.0079) (0.166) (0.045) (0.170)

Note: Sy = 4 /088701/3570 = 0.154 with an SE of 0.006.

T4 g = 0.024 with an SE of 0.002, and f/\gs g = 1 because there are no covariates.

Table 3: Decomposition of the observed confounding strength. For each covariate, the first row reports the
estimates and the second row reports the corresponding standard errors. The decomposition follows from

05,5 — 050 = —po,;Coay,;Cop,;50,0-
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Results Under Conditional Parallel Trends Robustness Value

Short Estimate (5572007) Std. Error Confidence Interval RVg=—o, a—0.05 XRVg*—0, a=0.05

-0.0366 0.0105 [-0.0572; -0.0160] 4.38% 0.20%

Table 4: Minimal Sensitivity Reporting: Increase in Minimum Wage on Teen Employment.

We use random forests for both outcome evolution and propensity scores, with tuning parameters chosen by cross-
validation (CV).
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(a) Upper limit conf. bound, |po| = 1. (b) Upper limit conf. bound, |po| = 0.3.
Figure 3: Sensitivity contour plots for the minimum wage example at a significance level of a = 0.05. The
blue dashed lines denote the upper confidence bound of é\i =0, + |§§’re\ where @re is treated as fixed when

constructing the confidence bound for @\i.
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A Preliminaries

A.1 Notation

Let Y denote the outcome, D the treatment indicator, X the observed covariates, and U the unob-
served covariates. To simplify notation, we denote p = P(D =1),7n=P(D=1|X), O =p/(1—-p),
and Ox = 7/(1 — ). We recall the following standard definitions and results, which will be used in

subsequent derivations.

Linear Projection and Residuals. Let YX = X T8 denote the linear projection of Y onto
X, where 3 := argming E[(Y — X "b)?] = (E[XX "])"'E[XY]. We define the residual as Y+¥ :=

Y — YX, which represents the component of ¥ orthogonal to the linear span of X.

Radon-Nikodym Derivative. Let (27, .</) be a measurable space on which two o-finite mea-
sures, 4 and v, are defined. If v is absolutely continuous with respect to u, denoted v < u, then
by the Radon-Nikodym theorem, there exists an &/-measurable function f : 2" — [0, 00) such that
for any measurable set A € o7, v(A) = [, fdu. The function f, denoted f = dv/dp, is called the

Radon-Nikodym derivative of v with respect to u.

Neyman y2-divergence. Let Px|p—o and Px|p—; denote the distributions of X in the control

and treated groups, respectively. Suppose Px|p—; < Px|p—o- We define the Neyman x2-divergence

2
dP)ﬂD:l _ 1) dPX|D:O-

of Px|p—1 from Px|p—q as x*(Px|p=1l|Px|p=0) = [ (

dPx|p=o

Coefficient of Variation (CV). Let Qx denote the distribution of X. The coefficient of variation,
CVx, is a standardized measure of dispersion of ) x, defined as CVx := %, where px and ox denote

the mean and standard deviation of X, respectively.

Riesz-Frechet Representation Theorem. Let H be a Hilbert space over R with an inner
product (-,-), that is complete w.r.t. the norm ||-|| generated by this inner product. Let 7" be a
continuous linear functional on H. Then there exists a unique w € H such that for every g € H, we

have T'(g) = (g, w).
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A.2 Definition and properties of 12

We use R? to denote the (possibly uncentered) R? of the orthogonal linear projection of a random
Y~ X y g J

variable Y on a random vector X. That is, writing the orthogonal decomposition ¥ =YX 4+ Y +X,

— 2
B pry (E0Y)
AT BN EY?  pyp[(YX)?]
If X is univariate we also have the equality,
e EIXYP
VX = BYIBIX

We define the partial R? of Y with U given X as:

2 2
R2 o RY~U+X - RYNX
Y~UIX = 2

It is easy to show that this equals the regular R? of Y1X with U-¥X. Note that (Y1X)LU™) =
YLUX oo
w o ElrR?)

Y~UIX E[(Y1X)?]

We can use these definitions to generalize the usual (centered) R?. That is, if we want to recover

the centered R?, we simply partial out the constant. Formally,

Var(YX1) Var(V1X1) —
R2 = 1=/ Cor®(YXLY
VX Var(Y) Var(Y) or (YY),

where, for univariate X, R%,N X = Cor?(Y, X). Note that some other works use R2. _y to denote
the centered version (see, e.g., Cinelli and Hazlett} 2020, 2025a)).

Notice that if X is a vector including the constant, then
R2 L E{(yJ_U,X)Q} i Var(YJ‘U’X)
O 5 (VR SE Var(y %)
which is centered.

We define the nonparametric analogue of the (uncentered) R? as:
2 = PIELY | X%
Y~X - E[Y2] )

which is equivalent to the linear (uncentered) R? from the projection of Y on E[Y | X]. We define
the nonparametric partial R? of Y with U given X as:

2 2
Ty ~xu) ~ yex

2 -
Ny~vu|x =

1—n% x ,
which quantifies how much of the residual variation in Y is explained by U, after accounting for X.
Note that the nonparametric partial R? is automatically centered, since E[Y — E[Y | X]] =

E[E]Y|X,U] — E[Y|X]] = 0 by the tower property of conditional expectations.
Proposition 1 (Nonparametric and linear R?).

37



E[(Y-E[Y[X])’]

(i) nyox =1- By T RS pyix)-
g E[(Y-E[Y|X,U])?
(it) 77}2’~U\X =1- ][E[(Y—E[Y|X})2]] = R%—E[Y|X}~E[Y\X,U]—E[Y|X]'
Proof.
2 Bl - By X))
Y~E[Y|X] T E[Y?]
_ E[Y?] - (BE[Y?] + E[(BE[Y | X])*] - 2E[YE[Y | X]])
N E[Y?]
ue BB | X]?) _ -
Additionally,

5 E[(Y - ElY | X,U))?
R =1
Y -E[Y|X|~E[Y|X,U]-E[Y]|X] E[(Y _ E[Y ’ X])Q]
E[(Y - E[Y | X])?] - E[(Y — E[Y | X,U])?]
E[(Y - EIY | X])?]
e E((E[Y | X,U))?] - E[(E[Y | X])*]
EY? - E[(E[Y | X])?]

2 2
_ yexu) T Myex 2
= =Ny ~uU|x-

1 - 7712/~X

A.3 Important relationships

Proposition 2 (Relationship between selection odds). Under the weak overlap condition of As-

sumption [1], the following identities hold:

(1) Odds-ratio as change of measure.

Oxy  dPyjxp=1

Ox  dPyjx.p=o
(2) Short odds as the projection of long odds.

Ox = E[Oxy | X,D =0].

(3) Control-to-treated expectation identity for odds.

E[0%y | X,D =0] = Ox x E[Oxy | X,D = 1.

(4) From conditional to marginal odds identity.

E[Oxu] = p x (E[Oxu | D=1]+1) = (1 - p)E[0% | D = 0] +p.
Proof. We establish each of the four properties in turn.
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(1) By Bayes’ rule, the following holds:
Oxu _ P(D=1|X,U)PU|X) P(D=0]X)
Ox P(D=1]|X) P(D=0]|X,U)P(U | X)
P(D=1,U|X) PD=0]|X)
T PD=1|X) P(D=0,U|X)
_ P(U|X,D=1) aet. 4Py|x,p=1
 P(U|IX,D=0)  dPyxp-o

(2) We will use (1) to show the equality:

Oxu } (1)/dPU|X p=1(u) /
E|2XU  x p=o| Y [ SUXD= b o) = | APy poy(u) =1,
B T APy o) = [ AP pao)

— OX ZE[OXU ’ X,D ZO].

(3) We will use (1) to show the equality:

OXU>2 6y / <dPUXD=1 U)>2

ZXUN (x,p=o| ¥ [ (UKL= APk po(u
(%2) i) APy

(
r (
B / dPyx,p=1(u)
B )

x dPyx,p=1(u)

dPyx,p=o(u
O . |Oxvu
|: OX | ) :| b

— FE[0%y | X,D=0]=0x x E[Oxy | X,D =1].

(4) By the tower property, the following holds:

E[0xv] 'Y E[E[Oxy | D]]

:E[OXU‘D:HXP—FE[OXU’DZO]X(I—p)

Q EOxy [D=1xp+0x (1-p)

~

=px (E[Oxu | D=1]+1)

2 _
@p+p y E[OXUO|D = 0]

=p+ (1 -pE[O%y | D=0

O]

Proposition 3 (Odds and x2-divergence). Under the weak overlap condition of Assumption the
following identities hold:

(1) x%-divergence as squared coefficient of variation.

Oxu
X*(Px.up=1lPx,vjp=o) = Var (O | D = O> = CV?)xulO'
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(2) x*-divergence as average conditional expected odds.
Oxu
X*(Px.uip=1lPx,vip=0) = E [O | D= 1] -1,
Oxu

X*(Pyx,p=1|Pyix,p=0) = E [O | X,D = 1] —1.
X

(3) Conditional x*-weighted decomposition of odds increase.

E[Oxy | D=1] - E[Ox | D = 1] = E [x*(Pyx,p=1llPr|x,p=0) x Ox | D =1] .

(4) Marginal-conditional decomposition of x*-divergence.

(dPXDzl

X*(Px,uip=1llPx,uip=0) = X*(Px|p=1]Px|p=0)+EPy p_, ap
X|D=0

2
) XQ(PU\X,D:IHPUlX,D:O)

Proof. We establish each of the four properties in turn, using Proposition Throughout, we let
Z:=(X,U).

— w ’ P 2) — PZ|1(z) ;
_/<dPZ|0(z)> x dPgo )+/dPZ|0( ) 2/PZ|0(Z) dPgz|0(2)
[ (Y )

_/<dPZ|0 Z)> dPgzo(z) +1 -2

=K <OZ 2 | D = 0] — 1 by Proposition [2] (1),

2
_ <E [OOZ | D = 0}) by Proposition [2] (2),

Var(Oyz | D = 0) .
= E2[0, ] D =0 by Proposition [2[ (2),
def.
= CVQOXUlo

Following similar steps, we can show

Oxvu
XQ(PU|X,D:1HPU\X,D:O) =Var | —— | X,D=0)=CV_ v,
Ox xulX,

1 O Var(Oz | D =0
X*(Pzi || Pz0) D Var (OZ | D= 0) = ( ZO|2 )

E[0} | D =0] - O?
_ (07 | = 0] - O by Proposition [2 (2),
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=F [OOZ | D = 1} — 1 by Proposition [2] (3).

Following similar steps, we can show

Oxu
X*(Pyix,p=1llPujx,p=0) = E [O)( | X,D = 1] —1.

E[OXU]D:l]—E[OX|D:1]:EKOO)ZJ—1)><OX|D:1]

L:EEKE[OXU ]X,Dzl} —1) xOX\D:I]
Ox

I

2)
E [X*(Py)x,p=1lPrjx,p=0) X Ox | D =1].

@ O
X (PxunllPxuo) = X*(PxpllPxo) = E [gU

3 1
= —E [X*(Py|x,p=1llPv|x,p=0) x Ox | D = 1]

1] 5[% 0]

@)
2 dPxp »

= E |x“(Puix,p=1lPu|x,p=0) X Py | D =1| by Proposition [2] (1),
dPx;

= /XZ(PUX,Dzl”PUlX,D:O) X (dPX:0> dPy)y
dPxi1\ 2

= /XQ(PUX,D1||PU|X,DO) X (dPX:O) dPxo

dPy)1\”
= &Pxo (dPX|O) X2(PU|X,D:1||PU\X,D:O)

A.4 Standard DiD assumptions and identification of ATT

This section presents the standard identifying assumptions for the ATT in the canonical DiD design

and shows that, under these assumptions, our target estimand admits a causal interpretation.
Assumption A.1 (Consistency). Observed outcomes are generated as'Y =Y (D).

Assumption A.2 (No anticipation). Treatment has no effect on pre-treatment outcomes.

E[Yi(0) | D=1,X,U]=E[Yi(1) | D=1,X,U] as.

Assumption A.3 (Conditional parallel trends assumption). Let AY (0) := Y2(0) — Y1(0) denote the

untreated potential outcome evolution, and assume that

E[AY(0) | D =1,X,U] = E[AY(0) | D =0, X,U] a.s.
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Assumption A.4 (Strong overlap). There ezists € > 0 such that
p:=PD=1)>¢ andrxy:=P(D=1|X,U)<1—¢€ a.s.

Remark 3. Assumption [A.]] is stronger than what is needed to derive the OVB formula of Theo-

rem [1], in which we impose only the weak overlap condition of Assumption [1]

Proposition 4 (DiD identifies the ATT). Let AY := Y2 —Y] denote the observed outcome evolution,
and let go(X,U) := E[AY | D =0, X,U]|. Under Assumptions the ATT is identified by

0:= E[AY — go(X,U) | D =1].

Proof. By no anticipation,
ATT = E [Ya(1) — Y2(0)|D = 1]
= E[Y2(1) - (Y1(1) - Y1(1)) — Y2(0) + (Y1(0) - Y1(0)) | D = 1]
= E[AY(1) | D=1]— E[AY(0) | D = 1] + E[Yi(1) — Y1(0) | D = 1]
— E[AY(1) | D = 1] — E[AY(0) | D = 1]
Then, we have
ATT = E[AY(1) | D = 1] — E[AY(0) | D = 1]
— E[AY | D = 1] — E[AY(0) | D = 1] by consistency,
= E[AY | D=1]— E[E[AY(0) | X,U,D =1]| D = 1] by LTE,
= E[AY | D=1]— E[E[AY(0) | X,U,D = 0] | D = 1] by conditional PTA,
= E[AY — go(X,U) | D =1]

=4. O

B Deferred proofs

For simplicity, let ag := Oxy/O, and aps := Ox /O.

Proof of Lemma[1}
We begin by showing that 6ps = E[goscos | D = 0].
D
b 1= Elane(X) | D=1] = B |2 x gu(x)] =

_ [(P(D=1]|X) 1-p\ P[D=0|X)
‘E[<P<D=0|X>X v ) e

[P(D:HX) x gOS(X)} by LTE,

x gOS(X):|
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- B [aOs(X)gOs(X) % P(D:(”X)}

1-D

=F [aOS(X)QOS(X> X

= E[gosaos ’ D = 0].
The same argument shows that 6y = E[goap | D = 0]. Next, by Proposition [2| (2), we have that
aps = Elag | X, D = 0] and that Efag | D = 0] = Ejags | D = 0] = 1. O

Proof of Theorem [1}
We first show that 6 — 6; = — Cov(go — gos, o — cws | D = 0).
0—6s=—(0o — bos)
= Elgosas | D = 0] — E[goo | D = 0]
= Elgosas | D = 0] — [E[(gos + go — gos)(cos + a0 — ags) | D = 0]]
= — [E[gos(ao — aps) | D = 0] + E[aos(go — gos) | D = 0] + E[(go — gos) (a0 — avos) | D = 0]]
= —E[(90 — g0s) (a0 — aos) | D = 0]
= — Cov(go — gos, @0 — s | D = 0).
The second-to-last equality uses that given D = 0, ggs is orthogonal to (ap — aps) and s is
orthogonal to (go — gos). The last equality uses that E[ag | D = 0] = Eags | D = 0] = 1.
Next, we decompose this covariance in the following way:
10 — 4% = Cov?(go — gos, o — s | D = 0)
_ Cov®(go — gos, 0 — ags | D = 0)
Var(go — gos | D = 0) Var(ag — aws | D = 0)

~~

:p%

x Var(go — gos | D = 0) Var(ag — aps | D = 0)

Since E[go — gos | D = 0] = Efag — ags | D = 0] =0,

= p5El(90 — 90s)* | D = 0]E[(ag — ws)® | D = 0]

El(g0 — gos)? | D = 0] o El(ag — ags)? | D = 0]
E[(AY — 903)2 | D = 0] E[Oz%s | D = 0]

= g % xSg

=:Ciay =C8p
2.2 2 o2
= pCony Cop S

where S2 := E[(AY — gos)? | D = 0]E[a3, | D = 0].
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2 _ p2 :
Now, we show that Cipy = RAY—gos~go—gos|D:0'

R2 1 E[(AY — g0)* | D = 0]
AY —gos~go—gos| D=0 * E[(AY — gos)2 | D = 0]
_ B[(AY —go+ 90— gos)? | D =0] — E[(AY — go)* | D = 0]
- E[(AY - 908)2 ‘ D= O]
E[(g90 — gos)* | D = 0] + 2E[(AY — go)(go — gos) | D = 0]
E[(AY — gos)? | D = 0]
e El(g90 — gos)* | D = 0] + 2E[(go — 90)(go — gos) | D = 0]
- E[(AY — gos)? | D = 0]

_ 2
= Goay-

Next, we relate CgAY to the nonparametric partial R? measure,
ez, Blloo—g0)* | D=0
0 E[(AY — gos)2 | D = 0]
LTE Elgs | D=0] - Elgg, | D =0]
E[AY?| D =0] - Elgg, | D = 0]

Blgg|D=0] _ _Elgg,|D=0]

_ E[AYZ[D=0] ~— E[AYZ[D=0]
B 1 _ _Elgi,|D=0]
E[AY?2[D=0]

def.
= NAY~U|X,D=0>

Note that,
E[(O&o — OZOS)Q ’ D = 0]

2 —

@0~aos Ela? | D=0
_E[a}|D=0]—(E[ed | D=0]+ E[0d, | D=0] — 2E[agxgs | D = 0])
B Elog | D =0]
vre Elag | D =0] — (Eleg | D = 0] + Elag, | D = 0] = 2E[ag, | D = 0])
a Elag | D = 0]
_ Elag, | D =10]
- Elg|D=0]"
Additionally,
2 _1_ ElOxy =0x)*| D =0]
OxuOxIP=0 E[0%y | D=0
E[O%, | D =0] - (E[O%, | D =0] + E[O% | D = 0] — 2E[OxyOx | D = 0])
a E[O_%(U ‘ D = O]
e E[0%y | D =0] - (E[0%, | D =0]+ E[0% | D = 0] - 2E[0% | D =0))
- E[0%y | D=0

_ B[0%|D=0] _Ea,|D=0
T H0%, D=0 Eled| D=0

_ 2
- Rao~a05|D:0'
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Accordingly, we express CgD in terms of the nonparametric R? measure,
El(ag — aps)? | D=0] E[ad|D=0]+ E[cad, | D=0]-2E[agags | D = 0]

C2, = =
op Elo3, [ D =10] Elo3, | D =10]
ure Elod | D = 0] - Elod, | D =]
Elog, | D = 0]

1— R?

ap~aps| D=0

ag~aps| D=0

2
1 = R5 ynox D=0
- .

2OXUNO)(|D=O
Finally, we simplify the scaling factor S(Q) as follows:
od, := E[(AY — gos)* | D = 0] = Var(AY — gos | D = 0)
"IV Var (E[AY — gos | X,D = 0] | D = 0) + E [Var (AY — gos | X,D =0) | D = 0]

= E[Var(AY | X,D =0) | D = 0], and
ox\’
@)

— S¢:=0f i, = E[Var(AY | X,D=0) | D=0] x E

R =Elad, | D=0 E

D:o],

(%)

Proof of Lemmal[Z Parts 1 and 2 are immediate consequences of Proposition [2] items (1) and (3)

DzO]. O

respectively. Part 8 follows directly from Proposition (2) O

Proof of Corollary 1}
Part 1. By Proposition (3), we transform R2OXU~OX| Do into an expression in terms of the average
selection odds among the treated.
B, oo = 5[02§< | D iO] _ EOx|D =_1] 7
[O%y | D=0 E[Oxu|D=1]
L= By oxp=n _ ElOxu | D =1]-E[Ox | D=1]

— CgD — 2 —
Oxu~Ox|D=0 E[Ox | D =1]

Correspondingly, we have

9 B EOx | D=1 FEOxy|D=1]-FE[Ox|D =1]
1= Royynoxip=0=1- = :
xu~Ox| E[Oxy | D =1] EOxy | D =1]

()] -]-+{5p-1]

Part 2. By Proposition [2f2) and Proposition [3{(1), we have that,

(%)

and

va, = E D=0

X*(Px1l|Pxjo) = E

D= 0] — 1, and XZ(PX,U|1HPX7U|O) =F
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Therefore,
2
RQOXUNOX\D:O = Lf[[OOzX ”%:_0(])]
XU =
<X2(PX\1”PX\O> +1) x 0?
O (Px,upllPx,u0) +1) x O?
_ X(PxpllPxpo) +1
B X2(Px.ujillPx,u0) + 17
2
1R oupo L Sronimr
- o X2 (Px|11IPx)o)+1
X2(Px,u11Px,uj0)+1
~ XC(PxunlPxop) — X2 (PxpllPxpo)

X2 (Px|1Pxjo) +1

2
ROXUNOx|D:0

Correspondingly, we have
*(Px1l|Pxpo) +1 *(Px ol Px.uo) = X*(Pxpill Pxpo)
1— R2 —1_ X xnlifx)o _ X UIxunlifxulo X xnlfx|o
Oxu~Ox|D=0 X?(Px,unllPx,u0) + 1 X?(Px,unllPx,u0) +1 ’

(%)

and

vy, ==E D =0| = x*(PxpllPxp) + 1.

Proof of Lemma[3 and Theorem 3,

Lemma |3| is a direct application of Theorems 3.1 and 3.2 in |Chernozhukov et al. (2018). Valid

estimation of covariance follows similarly to the proof of Theorem 3.2 in (Chernozhukov et al.| (2018]).

The first claim of Theorem [2| then follows by the delta method (Van Der Vaart and Wellner, |1996),

and the stated confidence intervals are justified by standard arguments on asymptotic normality.
Below, we verify that the scores in f@ are Neyman orthogonal, as required by Theorem 3.1

of (Chernozhukov et al.| (2018]).

e Score for 6,.

Moment condition.

E[¢95 (Z7 gos, 7T7p)]

= E[AY —gos | D = 1] = E[(AY — gos)aos | D = 0] — 65

=F BIAY — gos | D = 1] -4,

05

=0,
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Orthogonality with respect to gos.

8’/‘ {E[T/Jes (27 9gos +7r (gés - gUS)a ﬂ-ap)] }
h
r=0

:ar{EPXAYf;%—rm__ﬂl—Dgﬁ{;f%—TM}}
h  w(1—=D)h
:E{‘_NM}

r=0

r=0

:EE ™—D
p |[1-m

LTE 1 T—D

2 5| T b - 00 %]
™ =T
1—m

(00

LT
=-F E[
p

Orthogonality with respect to .

} (9h(X) — g0 | =0,

8r {E[¢95(Z;7T+ 7“(7T, - W)agOsap)]}
h r=0

o {e { (o)1= DAY )}

5 1A_5;)2 QOS)h} -
E[ Dy [(%_?fgh D”
:_Erfgiﬁ)|D_un—m

LTE h

= O’
Orthogonality with respect to p.

829 {E[Qﬁgs(z;es,gos,ﬂ,p)]}
_E|:_D(AY_QOS) W(l_D)(AY_QOS) +D95:|

p? p*(1—) p?
IEE[W—DXAY—%Q+D%}
D l1—=
1 AY — gos
IEJQQﬂ4AY—%9+@yD:up+E[“%)ypzﬂ)
P l1—m
Eoro0=o0.
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e Score for ags.

Moment condition.
def. 9 2
E[wa(z)s(Z;gos,p)] = 0gs — 0ps — 0,
Orthogonality with respect to gos.
81" {E[wags (Z7 gos + T(g()s - gOs)ap)]} r—0

1-D 1-D
— o {B |22y — o - rlah — ) - 0|}

r=0
= —2E [(AY = gos — 7(gbs — 905))(ghs — 90s) | D =0]|,_g
= —2E [(AY — g0s)(90s — 90s) | D = 0]
"2 —2E(gh, — 905) EI(AY — gos) | D= 0,X] | D =0] =0,
Orthogonality with respect to p.

8pE[¢o'(2)s (27 9087 p)]
= 1 (EIAY —g0.)* | D= 0]~ 3,) 0.
e Score for 1,.

Moment condition.
El,2 (Z;7,p)]

SCIAIREL

:E _——
p \ O 1—p

(%) <]

=2E [ags | D =1] = 25, — Blag, | D = 0] + 15,

Orthogonality with respect to .

o {Elvy (Zim+r(x =m.p)l}|

B D m+rh 1-p 1-D (r+7rh)? (1-p)?
_8T{E[2p1—7r—rh P 1—p (1—=m—rh)?2 p? ]}r_o
_E[2D(1—p) h ~ (1=D)(L—p) 2h(r+rh) }

B p? (1—m —rh)? p? (1—m—rh)3]|,_,
_E{QD(l—p) h  (1-D)1-p) 2hr }

a P (1-m)? p? (1—m)?

2(1-1p) h(D — )

P XE[(l—W)?’]
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@EQ(;MXE[WE[H"X”

Orthogonality with respect to p.

OyElibys (Z:7.p)]

—2D 2D
=k {20‘08 - T ]
P

p731—7r
[1—D , 1-D x? 2(1—]0)}

1—p2 % 1-pa-n2
—2D 1—-D
_E|: - :|V(2)s

p*  (1-p)?
-2 1 2
= D gs_l_pygs—i_fygs—i_l VOQS
2D 2 2(1-D
_p|?2 | | _2-D)
pdl—m (1—-m)2 p3
m(m — D) | L1E
=F|2——-Z%| = 0. O
[p?’(l—ﬂ)?]

C Benchmarking analysis

C.1 Benchmarking against observed covariates

Our approach follows|Cinelli and Hazlett| (2020, [2025a]) and |Chernozhukov et al.| (2026), extrapolating
the strength of unobserved confounding from its relative strength compared to observed covariates.

We begin by introducing notation and then define the benchmarking measures for each bias factor.

C.1.1 Notation

Suppose we use X, a subvector of the observed covariates X, as the benchmark covariate vector. Let
X_; denote the vector of observed covariates other than X;. Correspondingly, we define gos—; :=
E[AY | X_j,D = 0], Qos,—j = OX_J./O, 905,_j = E[gg&_j ‘ D = 1], and (95’_]' = 91 — 903,_j. We

define the bias factors that quantify the strength of X; conditional on X_; as follows:

2 2

Cony,; = NIAY ~Xj|X_;,D=0>

2

9 1= ROXNOX_].\D:O
Cop,j = 2

Ox~Ox_,|D=0

_E[Ox|D=1]-E[Ox_; | D=1]
B EOx_, | D =1]
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_ X*(PxpllPxjo) — x*(Px_;pllPx_;p0)

and
X2 (Px_1llPx_;0) +1

Y

po.; := Cor(gos — gos,—j,Ox — Ox_; | D =0).
The corresponding scaling factors are Ugs’ﬁ- = EVar(AY | X_;,D =0) | D = 0] and ygsﬁj =
Elag, ;| D=0]= Elags,—j | D =1].

C.1.2 Relative bounds on 1 — R%)XUNOX\D:O

We now discuss how to express the strength of unobserved confounders in explaining treatment

assignment in terms of their relative strength as compared to Xj;.

Definition 1 (Relative strength with treatment selection).
2 2
RO)(/\/O)(fJ. ‘DZO - ROXUNOxij |D:O

_ R2
1 ROXNOXﬂ. | D=0

E[OXU|D:1]7E[OX7J. |D=1] . E[OX\Dzl]fE[Oxij |D=1]

(Residual R? in Selection Odds)

kop j =

EOx0|D=1] E[Ox[D=1] A .
= T lection
Tox[D=1] Flox_,[D=1] (Average Selection Odds)
E[Ox|D=1]
XZ(PX,UuHPX,U|0)—X2(PX,J-\1HPX,J-\0) _ Xz(quHPX\o)—XZ(Px,juHPx,jm)
x2(Px,u)1IPx,uj0)+1 x2(Px|1lPx|0)+1

= T T  RTy e . (Distributional Imbalance)
—J —J

x2(Px11Pxj0)+1

Using this definition, we obtain the following reparameterization of the sensitivity parameter

2
1 - ROXUNO)(|D:0‘

Proposition 5 (Reparameterization of 1 — R%XUNOX| Do in terms of relative strength).

2
1 - ROXUNO)(|D=O

2 Y
ROXUNOX‘DZO

2 B ' ) -
1= ROXUNOX\D:O - kOD,] X COD,ja and COD =
2
1_ROX~Ox_j|D:0

2
RoX~oX7], |D=0

2
where COD,J. =

Proof.
R2 — R? 1 — R?
Oxf\fO)(_].‘D:O OXUNOX_].|D=0 OXwOX_

2 j‘DZO
kOva X COD,j = 1— R2 X R2
Ox~Ox_ .|D=0 Ox~Ox_ .|D=0
J J
R? _
- Oxu~Ox_;|D=0 1_ R2 | -
- - Oxy~Ox|D=0"

2
o ~Ox_,|D=0

Remark 4. Note that, since 1 — R%XU <1, we must have kop ; < 1/C’gD7j. Also, R2Ox~OX_j\D:0 =

E[Og( ,\Dzo] 2
7 = 2371 50 an alternative expression is
E[0%|D=0] Vi,
2 2
Vi — Vi
2 o ) Os 0s,—j
1—- ROXUNOx‘DZO - kOD’] x 2
087_j
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This latter form is useful for estimation and inference.

C.1.3 Relative bounds on 772AY~U\X Do

We now discuss how to express the strength of unobserved confounders in explaining outcome evo-

lution in terms of their relative strength as compared to Xj.

Definition 2 (Relative strength with outcome trend).

2 2
Ay ~UX;|X_;,0=0 ~ TAY~X;|X_;,D=0

koay,j = 2
NAY ~X;|X_;,D=0

Using this definition, we obtain the following reparameterization of the sensitivity parameter
2
Ay ~U|X,D=0"

Proposition 6 (Reparameterization of 772AY~U| « p—p in terms of relative strength).

CQ
2 A 0AY,j
TAY ~U|X, D=0 = FOAY,j X 1_c2.
0AY,j
where C? =2
0AY,j *= AY ~X|X_;,D=0
Proof.
C2 2 ) 2
0AY,j nAYNU,Xj\X,j,DZO nAyNXj|X7j7D:o nAY~Xj|X,j,D:0
kOAY,jXI_Cg = 3 X T
0AY,j NAY ~X;|X_;,D=0 MAY ~X;|X_;,D=0
2 2
_ IAy~Ux;x_;,0=0 ~ TAY~X;|X_;,D=0
- — 2
L=y x,/x_,,0=0
_ 2
= Ay ~U|X,D=0" O

. 1-C2,, -
Remark 5. Note that, since 772AY~U|X peo < 1, we must have koay,; < C+AY’]. Also note that
= 0AY,j

0bs,—j = 0bs = BI(AY = gos,—;)* | D = 0] = E[(AY — gos)* | D = 0]

LTE
=" El(gos — gos,—j)* | D = 0],

which leads to the following alternative representation

2
NAY ~ XX _;,D=0

2 — .
NAY ~U|X,D=0 = KoAY,j X 1_ 2
NAY ~X;|X_;,D=0

— koayi X E[(QOS - gOs,fj)2 | D= 0]
7 E[(AY - gOs,—j>2 ‘ D= 0] - E[(QOS - gOs,—j)2 ‘ D = 0]

vre, o Ellgos — 90s,—5)° | D = 0]
0AY3 ™ "E[(AY — g0s)2 | D = 0]
2 2
One s — O
= koay,; X 08;7208
Os

This latter form is useful for estimation and inference.
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C.1.4 Benchmarking |po|

Following |Chernozhukov et al. (2026), we propose extrapolating pp using the observed alignment of
X as given by po ; := Cor(gos — gos,—j, Ox —Ox_; | D = 0). Note that the bias decomposition with

respect to X gives,

0s — 057*]' = —Po, \/(035,—]' - U%s)(ygs - Vgs,—j)

This leads to the following debiased representation of pg ;,
—(0.— 0. .

Pog = —— ( 52 8’23) —

\/(005,—j - UOS)(VDS - VOs,—j)

This latter form is useful for estimation and inference, which we discuss below.

C.1.5 Statistical inference for benchmark components

Statistical inference for our benchmarking analysis follows the procedure introduced in Appendices
E.5 and E.6 of |Chernozhukov et al.| (2026)). Specifically, we define the estimable “gain” metrics with

the debiased representations derived above,

2 2
a — 2 Yos — Vos,—j
0D, -=%Yop; = — 3
0s,—j
2 2 2
L COAY,j _ 00s,—j — 90s
GOAY,j = 1 02 = 3 y and
VNS 00s
—(95 - 057_]‘)

P03 = 2 2 2 2 )

\/(OOS,—j - OOS) X (VOS - VOS,—j)
2 — ) ) 2 — ) )
We have shown that 1 — ROXUNOX\D:O = kop,; X Gop,; and NAY ~U|X,D=0 = koay,j x Goay,j-
Therefore, given the influence functions of 0y, 05 _;, o3, 035’_ o v3,, and Vgsy_ ; obtained from DML,

we apply the delta method to obtain the following debiased influence functions for the “gain” metrics.
Vgs,_nggs (Z) - ’/35902(2)5 . (%)

Peop; (Z) = - :
0 ‘7839‘72387_3_ (Z2) - 035,73-90335(2)
SOGOAY,]‘(Z) = Uf)ls , and
O (2)— 3025,71 (Z) - gogs (2) B (0s,—5 — 95)(('0235,71 (2) - @233 (2))
pos (085 —j = 062 (W = 5s _)V? 2008, _; — 0832 (W, — s _)?

(Ourms = 0P (2) = &% (7))
- 2(035 —-J 083)1/2(Vgs o Vgs —j)3/2 '
The plug-in estimator of the bias and the corresponding influence function for 64 follow directly from

the discussion in Appendix E.6 of |(Chernozhukov et al. (2026)), after replacing the “unconditional”
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components with their corresponding “conditional” counterparts in our results.

C.2 Benchmarking against pre-trends

Here we let Z := (AY, D, X, AYPr DPr¢ XPr¢) 1In this section we provide the deferred influence
functions for the pre-trend extrapolation bounds. The first approach yields the following bounds on

the target estimand in the post-treatment period:
0L =05+ k- |62,
where 6, and 6 are estimable from the data, and 65° # 0. Under standard DML conditions,

by applying the delta method, the plug-in estimator 51 is asymptotically linear and Gaussian with

influence function

0, (Z) := g (Z) £ k - sign(62°) - gpre (Z).
As for the second approach, recall it yields the bounds:

0p =0, +k- (Sf,?e> - |6Pre.

The influence function for .Sy is:
% (Z) = (Z) + 3, 092 (2)
¥So 25 UOs gp 2 Yos 900(2]5 )
with a similar influence function for S§™. By the delta method, the plug-in estimator gi is then

asymptotically linear and Gaussian with influence function

Sy [ Eope(Z) ¢g0(2)_wggre<2)
Spre eg)re SO S(I)Jre M

w0, (Z) = 05, (Z) £ k|02

D Sensitivity statistics

D.1 Definitions

Here we provide a precise definition of the robustness value and extreme robustness value.

Definition 3 (Robustness Value (RV)). For a fized 0*, the robustness value, RV o(8), is the
minimum strength of confounding needed for the null hypothesis Hy : 8 = 0* not to be rejected at the

significance level a, when setting |po| < 1. Formally,
RVg+ o(0) := inf {RV: 0" € CI" py gy (0)}
where CI™3 gy gy (0) is the widest confidence bound constructed from Theorem @ under the re-

strictions that nAY ~U|X, D=0 < RV and 1 — ROXUNOX\D _o < RV. To simplify notation, we denote
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nZYNleD:O and 1 — RQOXU~0X|D:0 by n? and 1 — R? respectively. Then, formally,

CR2, rv.rv(0) = [Lrv,Urv],

0

. El(¢) (Z;n2, R2))?2
with Lpy = min | 6-(n*, R?) — @71 (1 = a)\/ e { ) , s.t. 12 < RV,1— R2 < RV,
n b n

N E[(0 (Z:n2, R2))?
Urv = max 9+(772,R2)+<I>_1(1—a)\/ (¢, (Zim )’]

, s.t. n* < RV,1— R?> < RV.
n4,R

n

Definition 4 (Extreme Robustness Value (XRV)). For a fized 0*, the extreme robustness value,
XRViy+ o(0), is the minimum strength of confounding needed on selection such that the null hypothesis
Hy : 0 = 0* is not rejected at the significance level o, given that the residual variation of the outcome
evolution explained by the latent confounders is unrestricted (i.e., 772AY~U|X,D:0 < 1), when setting

lpo| < 1. Formally,
XRVy o(0) :=inf {XRV: 0 € CI"™ | xpy(0)},
where CI% | xpy(0) is the widest confidence bound constructed from Theorem@ under the restric-

tions that 772AY~U|X,D=0 <1land1l— R?JXU~OX\D=0 < XRV. To simplify notation, we denote

772AY~U|X,D:0 and 1 — R%)XUNOX|D:0 by n? and 1 — R? respectively. Then, formally,

CH% 1 xrv(0) = [Lxrv, Uxrv],

El(gf_(Z;n? R?))?]

with Lxgy = min é\_(n2,R2) — o1 - a)\/ ., s.t.m?<1,1— R%*< XRV,
R

n

~ E[(py, (Z;1?, R?))?
Uxpy = max 9+<n2,R2)+<1>‘1<1—a>\/ (v, i

, s.t.m?<1,1—R%< XRV.

n n

D.2 Interpretation in terms of increase in average odds or covariate imbalance

For k > 0, note that
k

2 2

Then,
o If k is the value of XRV(,: if unobserved confounders increase treatment odds or covariate
imbalance by less than ﬁ then such confounders are not capable of overturning the original

results, at the significance level of «, regardless of how much variation such confounders explain

of the outcome trend.
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o If k is the value of RV 4(6): unobserved confounders explaining less than k of the residual
variation in untreated trend and inducing less than ﬁ increase in average odds or covariate

imbalance cannot overturn the conclusions of the study, at the significance level of a.

E Simulations

This section discusses the use of Monte Carlo simulations to examine the finite-sample properties of
the proposed OVB results in the canonical DiD setting. Our data simulation strategy allows us to
derive explicit expressions for the bias factors, as well as to identify the correctly specified models
for estimating the nuisance parameters. This enables us to attribute the source of bias solely to the

omission of covariates, which leads to the violation of the conditional PTA.

E.1 Data generating process

The data are generated according to the following steps:

Step 1: Given p > ¢, let D; "2 Bernoulli (p). Then, generate the covariates as follows,

(X5,Ui) | Dy =d S N (g, Xq), with

pa = (pax, pav) and S = diag(ojy, o), for d € {0,1}.

Step 2: For each unit i, calculate the potential outcomes at time period ¢ € {1,2} using
Yi:(0) = a; + pt + XiBot + UiBut + €i g
Yip(1) = Yig(0) + 1{t = 2} - 0 + (vig — €iy),

where py = By =P =1t, o | D; =d s N(2d,1), and €4, Vi s N(0,1).

Step 3: Calculate the observed outcomes using consistency, which leads to the following model
for outcome evolution:

AY; = (Ap + XiABe + Ui ABy) + 0D; + Aé;,

where Ap = AB, = AB, = 1, and A& = D;Av; + (1 — D;)Ae; "5 N(0,2).

The dependence of covariates (X;,U;) on D; reflects selection into treatment. The covariates
represent pre-treatment characteristics and are fixed over time.
In this simulation setting, the propensity score model is correctly specified as a logistic regression

with quadratic terms in the covariates for both the “long” and “short” estimations. From Step 3,
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the outcome evolution model is also correctly specified as a linear regression for both estimations.

The true bias factors admit the following closed-form expressions:
2
o
Cony = 52—, Cip =X*(PunllPyp), and
Ooy + 2
(MIU — MOU)2

ol x (x3(PxllPxjo0) + 1)x*(PupllPop)’
where Al := 0 — 05 = —(uy — pov ), and

P =

2 2
o (v — pov)
X*(Pyi||Pypo) = o0 exp < 952 _ o2 ) -1
01U1/208U — J%U %u ~ %1u
2 2
o, (H1x — pox)
X*(Pxul|Pxpo) = = exp <22_2) - L
o1x4/208 — ol Oox ~— Oix

These divergences are finite if and only if 20(2] v > a% v and 2‘7(2)U > O'%U. Intuitively, when the treated
distribution has substantially heavier tails, wxy approaches one in the tails, undermining overlap

and causing the density ratio to grow explosively, leading to infinite divergence.

Remark 6. By the Riesz-Frechet representation theorem, the linear functional 6y(go) is continuous
on L2(P(X,U)|D=0) if and only if there exists a unique representer ag € I' such that 0y(go) = E[goa |
D =0]. Lemma shows that this representer is ay = Oxy/O. Therefore, continuity of Oy requires
that E[a2 | D = 0] < co. Moreover, as shown in Corollary XZ(PX7U‘1||PX,U|0) =Ela} | D=0]-1,
so in our simulation setting, requiring 208y > o3y and 205, > 03 ensures X2(PX,U|1HPX,U|O) < 00
and equivalently E[a3 | D = 0] < co. This condition is automatically satisfied under the usual strong
overlap assumption (Assumption , which enforces uniform boundedness of the propensity score

and therefore implies square-integrability. Formally,

Oxvu TXU 1-p 1—¢\? .
ag = = X < by Assumption EZ,
0 0 1—7xy p € Y P

= XQ(PX,UHHPX,U\O) +1=E[ag | D=0] < oo.

E.2 Results

We evaluate the performance of our proposed approach from the following perspectives:

1. Coverage of Confidence Bounds. We evaluate the coverage of the confidence bound for 6,

after plugging in the true bias factors.

We set 0 = 2, po = (0.3,0.3), 1 = (0,0), (02x,03;) = (6,6), and (0iy,0%;) = (3,3). We
consider scenarios with p € {0.2,0.5,0.8} and sample sizes n € {500, 2,000, 5,000}, at signifi-

56



cance levels a € {0.01,0.05,0.1}. The nuisance parameters are estimated using the correctly

specified model with ten-fold Cross—ﬁttingm We report results from B = 5,000 repetitions.
The results are visualized in Figure [4] which shows that empirical coverage closely tracks nom-

inal levels, indicating well-calibrated confidence bounds with stable finite-sample performance.

2. Sensitivity Statistics. Following the same scenarios as in our first coverage experiment, we

compare the empirical values of the sensitivity statistics with their population values. Following

arguments similar to those in Cinelli and Hazlett| (2020, [2025a), define fp« := |f;0_‘g;|. The

analytical solutions for the population values of RVy«_g and XRVy«—_q are given by
1 f2.
RVg-—o(0) = - ( foe +4f3 — f92*> , and XRVg-—o(0) = —%.
2 1+ /2.
Note that the sensitivity statistics we define are conservative since we set |pg| = 1 rather than

using the true population value of pg.

Figure 5] visualizes the results. The red dashed lines correspond to the population value of
the conservative sensitivity statistics obtained by setting |pg| = 1, which aligns with our
definition. The blue dashed lines represent the exact sensitivity statistics obtained using the
true population value of |pg|, which should by definition be less conservative and higher than
the red line. The boxplots show the empirical sensitivity statistics as they would be computed

in applied settings.

As expected, the empirical values of RVg«—g o—¢ and XRVg«—g o—o concentrate around their
population values (as indicated by the red dashed lines), with tighter concentration as the
sample size increases. Moreover, these conservative estimates lie below the exact sensitivity

statistics (blue dashed lines), confirming that our estimates are conservative in practice.

We additionally assess the finite-sample performance at the significance level a = 0.05, with
empirical estimates computed via grid search. Figure [6] shows that the estimated sensitivity
statistics generally lie below the true conservative values (red dashed lines). This behavior
is expected, since the 95% confidence bounds are wider than point estimates and therefore
require a smaller confounding strength to cover 8*. As the sample size increases, confidence
bounds shrink, narrowing this gap and causing the estimates to move closer to the conservative

population values.

"To ensure overlap, we set o2. to be sufficiently larger than o.. We use more than the default five cross-fitting folds

to stabilize estimation of 1/3;.
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3. Model Misspecification. In the presence of model misspecification, we evaluate the perfor-
mance of our proposed approach by following the pipeline of |Chernozhukov et al.| (2018}, 2024)
for first-stage machine learning estimation of nuisance parameters, which we refer to as the
“nonparametric” model. Detailed information on the learners is summarized in Table [f], We
then compare these results with those obtained under parametric nuisance estimation, namely
linear regression for the outcome evolution model and logistic regression for the propensity

score model, which we refer to as the “parametric” model hereafter.

Specifically, we maintain the DGP described in Section D.1 but fit the nuisance models using
a one-to-one transformation of the covariates, (X*,U*) = (exp(X/2),U), thereby inducing
misspecification of the parametric model. The remaining design follows the first coverage

experiment, under which the true bias factors remain unchanged.

Figures [7] and [§] show that confidence bounds obtained from the parametric model tend to be
wider and, consequently, exhibit over-coverage relative to those from the nonparametric model.
In our simulation, we focus on the upper confidence bound, which corresponds to the direction
of bias relevant for overturning the conclusion. Accordingly, Figures [9] and [10] show that the
upper bounds from the nonparametric model tend to lie closer to the true effect than those
from the parametric model. These findings are consistent with our expectations: under model
misspecification, the nonparametric model better approximates the true nuisance functions,
leading to less biased first-stage estimates and, consequently, tighter confidence bounds with

coverage closer to the nominal level and upper bounds closer to the true effect.

In addition, Figure[9]shows that in some repetitions the parametric model produces excessively
wide confidence bounds. This occurs because its estimates of 1/38 are highly sensitive to the
estimated propensity scores, which can exhibit greater dispersion under model misspecification.

By contrast, the nonparametric model is less sensitive to extreme propensity score values.

Finally, Figure[L1] visualizes the sensitivity statistics at the significance level o = 0.05. Overall,
the sensitivity statistics estimated from the nonparametric model are more tightly concentrated
and are closer to the true values than those from the parametric model. This indicates improved

finite-sample stability and accuracy of the nonparametric model under model misspecification.
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E.3

Deferred derivations

We first verify correct specification of the propensity score model by deriving the expression for the

propensity score and showing that it takes the form of a logistic regression with quadratic terms.

(a) Short:

ax
exp (Z(C'XWC? + Cx2iwi + CX3i)>

=1

ax
= exp <0X4 + <Z(Cx1¢$? + sziflfi))) ;

i=1
for some constants C'x4, C'x1;, Cx2; € R. Therefore, by Bayes’ rule, the following holds,
1

P(D=0) P(X=x|D=0
1+ P&D:lg ngszDzlg

1
L+exp (= (Cxs + (28 (=Cxuiz} — Cx2iw:))))

qx
= expit (st - (Z(Cxuxf + CXQixz‘))) ;

i=1
for some constants Cxs,Cx1i,Cx2; € R, which aligns with the functional form of a logistic

PD=1|X =2) =

regression model with quadratic terms.

Long: We proceed analogously to the long case.

PX =2,U=ulD=0) = PX =z|D=0)PU =ulD =0) by conditional independence
PX=2,U=uD=1) PX=2D=0)PU=uD=1) ~ P ’

ax qu
= exp (CXU4 + <Z(CXM$? + CX2i$i)> + (Z(CUMU? + CU2iui)>> ;

i=1 i=1
for some constants C'xy4, Cx1i, Cx2i, Cuii, Cu2i € R. Therefore, by Bayes’ rule,

1

|+ P(D=0) P(X=2,U=ulD=0)
+ B(D=1) P(X=z,0=u|D=1)

ax qu

= expit <CXU5 - (Z(C'XWC? + Cxaiz;) + Z(CUMU% + CUQWi))) ,
i=1 =1

for some constants C'xys, Cx1i, Cx2i, Cuii, Cu2i € R, which aligns with the functional form of

P(D=1X=2U=u)=

a logistic regression model with quadratic terms.

Next, we derive closed-form expressions for the bias factors in our simulation setting.

99



(a) Clay :
El(g0 — g0s)*|D = 0] = (AB)*E[(U — E[U|D = 0])’|D = 0] by U 1L X | D =0,
= (AB)* Var(U|D = 0) = 1 x a5y,
E[(AY — gos)?|D = 0] = E[(AB.(U — E[U|D =0]) + A&)*ID=0] by U 1. X | D =0,
= E[(g0 — 90s)*|D = 0] + E[A€|D = 0] + 2E[(g0 — gos) Aé| D = 0]

= E[(g0 — 90s)%|D = 0] + E[A&|D = 0] by independence,

= USU +2,
El(g0 — g0s)*|D = 0] g
CQ — — ouU )
— YOAY T RIAY — 02D = 0] o2, +2
(b) CgD :
9 XQ(PX,U|1HPX,U\O) - XQ(PX|1HPX|O)
Cop =

X2 (Px1lPxo) + 1 ’
which follows directly from Corollary [ To compute this quantity in our simulation, we plug

in the conditional density functions of X and U given D, and use conditional independence to

simplify the calculation. Specifically,
X2<PX\1HPX\O>

_ / Panl) @) -1

dPx|o()
_ 2 _ 2
= 700)(2 /exp <—($ éhX) + (@ 'L;OX) ) dr —1
V2noiy ix 200
g0x 1 1 ) 2 <2M1X MOX> <H%X Kix >
=——— [exp| — | 5 — x°+ - |z—| 5= — dr —1,
V2moly / P <U%X 208 % oix by oix 204
a b c

(1) If a > 0 (ie., 208y > oiy):

2 o0x b? 1 b \?
X~ (PxllPxj0) = —=—=—5—exp < - C> /eXp (— < 200 — —— | |dz—1
V2ro?y 4a 2 V2a

0o0x <b2 ) T
= —— —exp|——c¢ -
\/27‘(’0‘%)( P 4a a

2 2
o _
_ 0X exp (H1)2< MO);) 1
202, — 0} 200x — Oix
01X4/49x — 01X

(2) Otherwise:

X2<PX\1HPX\O) = 00.
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Similarly,
X (Pxu1l1Px,u(0)
= (Xz(PX|1HPX|O) +1) (XQ(PU|1|]PU|0) + 1) — 1 by conditional independence,

(1) If 208y > 0% and 208, > o3y

X*(Px 1l Pxv0) =

(MlU - MOU)2

2 2 B 2
Tox0U exp <(#1X Hox)
)

7 _ 2
01X0’1U\/(20'§X —0ly) (202, — o 205x — Oix
(2) Otherwise:

X*(Px ol Px.u10) = oc.

Accordingly, when 208 '« > 02y and 20(2]U > O'%U,
X2 (Px.onllPx,u0) — X*(Pxpll Pxjo)
X2 (Px1ll Pxjo) +1
O (PxpllPxp) +1) (X (PupllPoj) +1) — 1= x*(Pxp1l|Pxo)
X?(PxpllPxjo) +1

2 _
C’OD_

= X*(Pu1llPuio)

_ U(%U exp <(M1U — #0U)2> 1
= 5) 2 ‘
o1/ 203, — 0%y, 2005y — o1y
(c) Po
0s = E[(E[AY|D =1,X] - E[AY|D=0,X]) | D =1]
D
- B [p (0 + E[UAB,|D = 1] — E[UAB,|D = o])} by U 1L X | D =0,
=0+ (v — pov)ABu = 0 + (11v — Hov)-
Accordingly,

Cov(go — gos, Oxv — Ox|D = 0)
= E[(90 — 90s)(Oxv — Ox)|D = 0]
=0 x (0p — 0os)
=0 x (0, —0)
=0 x (pv — pov),
where the second equality follows from the proof of Theorem (1] Additionally,

Var(OXU — Ox‘D = O) = E[(OXU — O)()QID = O]
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= E[O%y|D = 0] — E[OX|D = 0]
= 0% x (X*(Px.u1I1Px.10) — X*(Px1] Px0)) by Proposition [3] (1),
Var(go — gos | D = 0) = E[(go — gOs)QfD =0]= UCQ)U'

Finally, we have
Cov®(go — g0s, Oxv — Ox|D = 0)

2
70~ Var(Oxy — Ox[D = 0) Var(go — gos | D = 0)
_ (11v — pov)?
a 0(2)11 X (XQ(PX,U\1||PX,U|0) - XQ(PX|1HPX|O))
(pav — pov)?

agu X O (PxllPxjo) + Dx2(PujllPup)

E.4 Simulation: figures and tables

Coverage Prob. of 90%, 95%, 99% Cls (5,000 repetitions)
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Figure 4: Empirical coverage probabilities of 90%, 95%, and 99% confidence bounds across sample sizes n

and treatment probabilities p, using the true bias factors; red dashed lines indicate nominal coverage levels.
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D n Coverage
0.2 500 0.894
2000 0.899
5000 0.894
0.5 500 0.897
2000 0.904
5000 0.900
0.8 500 0.901
2000 0.909
5000 0.896

(a) Confidence level = 0.90

Table 5: Empirical coverage probabilities of 90%, 95%, and 99% confidence bounds across sample sizes n

P n Coverage
0.2 500 0.946
2000 0.947
5000 0.946
0.5 500 0.948
2000 0.949
5000 0.949
0.8 500 0.950
2000 0.953
5000 0.947

(b) Confidence level = 0.95

and treatment probabilities p, using the true bias factors.
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Comparison of Est. Robustness Values with Ground Truth
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Figure 6: Empirical estimates of RVg«—¢ o=0.05 and XRVg-—g o=0.05 compared with their true values (red
dashed line) across sample sizes and treatment probabilities (5,000 repetitions). Red dashed lines indicate the

conservative true reference values by setting |pg| = 1.
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Learner

Variables

Package

Tuning grid

Parametric:
Linear for gos

Logistic for «

X*, U*, (X*)Q, (U*)Q

stats (1m)

stats (glm)

N/A

Ridge:

X*, U*, (X*)Q, (U*)Q,

OEN — 0 (ridge)

Linear for gos glmnet

(X*)3,(U*)? A selected from cv.glmnet
Logistic for 7
Lasso:

X* U*, (X*)2,(U*)?, apN = 1 (lasso)
Linear for gos glmnet

(X*)3,(U*)3 A selected from cv.glmnet
Logistic for 7

mtry € {2,3}

Random Forest

X* U* ranger min.node.size € {50, 100,...,300}

(num. trees = 500)

splitrule € {variance, extratrees}

Table 6: Machine learning methods used for first-stage nuisance estimation. Covariates enter linearly. Models

are selected by minimizing the RMSE. Across 500 repetitions, random forest is selected in 87% of replications

for the propensity score m and in 98.8% of replications for the outcome evolution model ggs.
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Coverage Prob. of 90%, 95%, 99% Cls, from 500 repetitions
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Figure 7: Comparison of empirical coverage probabilities between parametric and
nonparametric confidence bounds, using the true bias factors; red dashed lines indicate

nominal coverage levels.
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Figure 8: Boxplots of the difference in confidence-interval widths (nonparametric minus
parametric) across sample sizes and treatment probabilities; the red dashed line denotes

zero difference.
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Ten Example Confidence Bounds (n = 2,000)
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Figure 9: Comparison of parametric and nonparametric example confidence bounds

under model misspecification; red dashed lines indicate true 6 value.

Upper Bounds of 90%, 95%, 99% Cls, from 500 repetitions (outliers omitted)
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Figure 10: Comparison of parametric and nonparametric upper confidence bounds
under model misspecification; outliers are omitted for clarity. Red dashed lines indicate

the true 6 value.
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Est. Robustness Values: Parametric vs. Nonparametric
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Figure 11: Finite-sample comparison of parametric and nonparametric estimators for RVg«— o=0.05 (left)
and XRVg-—g,a=0.05 (right) across sample sizes and treatment probabilities (500 repetitions). Red dashed

lines indicate the conservative true reference values by setting |pg| = 1.
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F Comparison with related literature

F.1 Relationship to the “unconditional” OVB analysis

In this section, we compare our OVB analysis for the ATT with the results of [Chernozhukov et al.
(2026)) as applied to the ATT, which were used by Bach et al. (2025). We refer to that result as
“unconditional.” Both our results and the unconditional results target the same causal estimand and
characterize the same total bias. The distinction lies in how confounding strength is parameterized

and interpreted.

F.1.1 Review of the unconditional results

We begin by briefly reviewing the results of(Chernozhukov et al. (2026). Under the same identification
assumptions as those imposed in our main analysis, they start with the following parameterization

of the ATT:
0 =FElg(D,X,U)a(D,X,U)], and 05 = E[gs(D, X)as(D, X)] with

g(d, X,U) := E|AY | D = d, X, U], and g(d, X) := E[AY | D = d, X],

a(d, X, U) = l; — 11—_123 X %, and as(d, X) := l; - 11__15 X %
This leads to the following OVB result for the ATT:
00y =px By o x| T ERY g X B,
s s ngas
=Cay e =

where p = Cor (g — gs, 0 — avs) s
which can be further specialized as:

0 — 05 = px \/TAyux.p ¥ \/E[OXE][O_XJ]E[OX] X \/E[Var(AY | X, D)] x (E[]gX]),

———
=:Cay

::CD =:5
where p = Cor (E[AY | D, X, U] — E[AY | D,X],—(1 - D) x (Oxy — Ox)) .
F.1.2 Alternative ways to quantify selection strength for the unconditional analysis

For completeness, we now provide alternative characterizations of selection strength for the uncondi-
tional results, expressed in terms of R? measures in odds or x? divergence. These characterizations

show that their selection strength measure increases with the treatment probability.
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Proposition 7 (Alternative characterization of C%).

1- R? _
Cc% = Oxy~Ox|D=0 (Residual R? in Selection Odds)

1 p2 2
00 cu~01p=0 T ROy ~0x D=0

2(p P —x2(P P
= X (PxuplPxup) = X" (Pxpl X‘O). (Distributional Imbalance)

X2 (Px1 1 Pxo) + %

F.1.3 Difference in parameterization

For the ATT, the only unobserved component is the untreated counterfactual trend for the treated
units. The treated trend for treated units is observed and therefore does not need a bias analysis.
This allows us to localize the bias conditionally on the untreated group. Note that the unconditional
result does not take this information into account.

We show that C’ZY is a weighted average of the strength of confounding on trends in the treated
and control groups. In particular, as treatment becomes more likely, the weight placed on the
control-group component, where the bias originates, decreases. Consequently, practitioners must
rely on a pooled measure of confounding, which obscures the source of the bias and may complicate
interpretation. Similarly, we show that C% is a weighted version of CSD. In particular, C3 < C’gD,
with a weight on Cg p that decreases as treatment becomes less likely. Likewise, p? is a downweighted

version of pZ, with the weight decreasing as the treatment probability increases.
Proposition 8 (Relationship with unconditional).
(i) Cany vs C.
Ciy = Woay Ciay + (1 = Woay)Ciay,

with Ciay = NAy~uix,p=0: Ciay = NAy~u|x,p=1; and
(1 — p) X 0(2)5

p X U%s + (1 _p) X O—(%s,

where o3, = E[Var(AY | X,D =d) | D =d] for d € {0,1}.

Woay =

i) C%, vs C%.
(ii) Cgp D
C% =W 0DCgD7

O x (X2<PX\1”PX\O> +1)
O x (X*(Px1l|Pxjo) + 1) +1°

(iii) po vs p. Define gq := E[AY | X,U,D =d| and gq4s :== E[AY | X, D =d].

with Wop =

P2 = WOppg,
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1

Var(g1—g1s | D=1) :
Var(go—gos|D=0) xO+1

with Wy, =

F.1.4 Simulation: comparison with unconditional

In this section, we use Monte Carlo simulations to compare the finite-sample properties of our results
with the unconditional results of |Chernozhukov et al.| (2026). We follow the same data-generating

process as in Section [E-I}

1. Coverage and width of confidence bounds.

Coverage Prob. of 90%, 95%, 99% Cls (5,000 repetitions)
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Figure 12: Empirical coverage probabilities of 90%, 95%, and 99% confidence bounds across sample sizes n

and treatment probabilities p, using the true bias factors; red dashed lines indicate nominal coverage levels.
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Figure 13: Boxplots of the difference in confidence-interval widths (uncentered conditional minus uncondi-

tional) across sample sizes and treatment probabilities; the red dashed line denotes zero difference.

2. Sensitivity statistics.
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and treatment

F.2 Relationship to variance-based sensitivity analysis for weighting estimators

This section compares the results of Huang and Pimentel (2025)), hereafter HP, with our approach.

As before, both results target the same causal estimand and characterize the same total bias. They
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differ in (1) how confounding strength is parameterized, (2) how benchmarking is performed, and

(3) how statistical inference is conducted.

F.2.1 Review of HP

We begin by briefly reviewing the IPW formulation of Huang and Pimentel (2025) (hereafter, HP).
To facilitate comparison, we express their characterization in terms of AY', using our notation and
indexing HP’s bias factors by w to distinguish them from ours.

To begin with, they parameterize the long and short parameters of interest in the following way:

0o = Elao(X,U)AY | D = 0], and 6o = EJons(X)AY | D = 0] with

ap(X,U) = %, and aps(X) = O?X
This leads to the following OVB result for the ATT:
1 - R?Xowao |1,D=0
0 — 05 = —puwo X 3 = x /Var(AY | D = 0) x Var(ag,s | D = 0),

~a0s|1,D=0 Y
ap~aos| 5

=:CwoD

where p,0 = Cor(AY, ap — aps | D = 0).
We define 02, := Var(AY | D = 0) and v/

w0s

be further bounded as p,o < \/1 — Corg(aos, AY | D =0).

:= Var(aps | D = 0). Additionally, the correlation can

F.2.2 Alternative ways to quantify selection strength for HP

HP do not explore alternative parameterizations of C’IQUO p in terms of odds or x2-divergence. For

completeness, we provide these representations here.

Proposition 9 (Alternative characterizations of C2 ).

1— R? _

C2p = 3 Oxy~Ox|1,D=0 (Residual R? in Selection Odds)

OXUNOX‘LD:O

_ E[Oxy] — E[Ox]
E[Ox] -0

2P P —2(Pxp||P
= X (PxopillPxio) = X2 (Pxl X|O). (Distributional Imbalance)

X2 (PxpllPx/o)

Proof. The corresponding proof follows steps similar to those in Corollary O

(Average Selection Odds)

Remark 7. For the scaling factors, note that v2o, = x*(PxpllPx0) < x*(PxpllPxp) +1 = 14,

Therefore, when the variance of observable weights is small (i.e., V2, is close to zero), estimation

wO0s
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noise, particularly from propensity score estimation, can lead to negative estimates of v2,,. This

issue is mitigated in the uncentered parameterization.

F.2.3 Difference in parameterization

Note that our definition of C’gD, which measures the strength of confounding on selection, takes a
form similar to HP’s ngo p- The main distinction is that we use the uncentered definition of R?,
while HP use a centered version that partials out the constant. As a result, HP’s approach does not
accommodate settings in which observed covariates do not induce any group imbalance, or in the
case without covariates. In these cases, C2, suffers from a zero-denominator issue. HP recognize
this issue in their paper, “Since our sensitivity analysis is based on variances of weights, it is not
equipped to address situations in which either the observable or ideal weights are all identical, with

zero variance.”

We now provide connections between HP’s result and ours.
Proposition 10 (Relationship with HP).

(i) Cip vs Coup-

Elox | D=1

2 _ 2
Cour =0 > Fio T D=1]-0 |~
(7:7;) PO VS Pu-

2 _ 2 2 2
Puwo = Po X Coay % (1 — RAY~g03|1,D:0)'

Remark 8. Since |puwo| < \/1 — Cor?(ags, AY | D = 0), it follows that

1 — Cor?(ags, AY | D = 0) <_ residual alignment room )
> —
1= RAygoul1.0=0

where the upper bound on the RHS is estimable from data.

2 2
x C < - —
Po 0AY = unexplained trend variation

Next, we show how their upper bound on |p,o|? relates to our results. Recall that gos(X) =
E[AY | X, D = 0] attains the maximal correlation with AY among all square-integrable functions
of X within the control group. This characterization follows from classical results on maximal

correlation (see, e.g., Rényi (1959), Theorem 1). Formally,
gos(X) = arg max Cor?(f(X),AY | D =0).
(X)=are | max  Cor(f(X),AY | D =0)
Using this result, we obtain the following relationship.
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Proposition 11 (Relationship with HP’s upper bound on alignment).
p2o=1- Cor*(ags, AY | D=0) implies pgC2ay = 1.

Proof. By Proposition

22 020

PoCony = = :
1 - R2AY~903|1,D:0

Therefore, when p2, equals 1 — Cor®(ags, AY | D = 0), this implies the following

1 — Cor?(aps, AY | D = 0)

1- RQAYNQOsuvD:O

Cor2(£(X),AY | D =0).

1 — Cor?(aps, AY | D = 0)

_ P2
1 RAYNQOSH,D:O

22
poCoay =

Since gos(X) = arg MAaX te12( Py p_o)

_1- Cor?(gos, AY | D = 0)

_ P2
1 RAYNgOS\l,Dzo

1 < = p3Ciay < 1,

= p;Coay = 1.

F.2.4 Difference in benchmarking

We now show how the benchmarking approach proposed by Huang and Pimentel (2025) is anti-
conservative compared with ours.

First, note we can write their benchmarking multiple in the following way.

Proposition 12.

_ P2 _p2
P 1= Roy~oxi1,0=0 _ 1= Roynox D=0
0D,5 — R2 o RZ - R2 _ R2 :
Proof.
_p2
kHP - 1 ROXUNOX‘I,DZO
0D,j — R2 R

_ R2
Oxy~Ox|1,D=0 Oxu~Ox_;|1,D=0

1— Var(O x| D=0)
Var(Oxy|D=0)

Var(Ox|D=0) _ Var(Ox_;|D=0)
Var(OXU|D:O) Var(OXU|D=0)

~ Var(Oxy | D =0) — Var(Ox | D = 0)

~ Var(Ox | D =0) — Var(Ox_, | D = 0)

_ (E[0%y | D=0]- 0% — (E[O% | D =0] - 0%
(B[O} | D=0]-0?) — (E[0%_,| D=0]-0?
_ B[0% | D=0]~E[0% | D=0

B El0% | D=0] - E[0% | D=0

2
L= ROXU~0X|D:0

by Proposition [2(2),

2 _ 2 :
ROXUNOX|D=0 ROXUNOX_J.‘DZO
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Our benchmarking metric is,

2 P2
ROxNOX7j|D:0 ROXUNOxij‘DZO

_ R2 ’
1 ROXNOXﬂ. |D=0

kopj ==

while their benchmarking metric, by Proposition [12] is

D2

kHP _ 1 ROXUNO)(|D=0

0D,j — p2 —_
ROXUNOX|D:0 R

5 .
OXUNOXij |D:0
Note that
_ HP 2
kop,; = kop,; % ROXUNO;L].\D:O’
which shows that their benchmarking exercise will be anti-conservative.

To illustrate, consider the following example.

Example 1. We consider an example based on |Cinelli and Hazlett (20250) and generate data as
follows. Let the observed covariate X ~ N(0,1) and let the unobserved covariate U ~ N(0,1) be

independent of X. The treatment assignment is determined by
D=1{X/24U/2+¢ep > 0},
where ep is independent and standard normal. The observed outcome evolution is given by
AY = X +U + ey,

where €y 1s independent and standard normal.

The propensity score is correctly specified by a probit model for D on (X,U), and the outcome
evolution model is correctly specified by a linear regression of AY on (X,U). Note that in this design,
0 =0, and U 1is exactly like X in terms of its strength of association with the treatment selection
and the outcome evolution.

We simulate a sample of size n = 10°, fit correctly specified nuisance models, and set the bench-
marking metric to one (i.e., kop,j = k(l){};’j = 1), reflecting the belief that U and X are exchangeable.
We plug in the empirically estimated true strength of U on outcome evolution. We then exam-
ine whether the resulting confidence bounds implied by HP’s benchmarking proposal for treatment
selection cover the true parameter value 8 = 0.

The results are visualized in Figure [16, which shows that HP’s benchmark point remains far

from zero. This would lead a practitioner to incorrectly conclude that an unobserved confounder U

comparable to X cannot explain away the observed effect. By contrast, our benchmark point crosses
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Figure 16: Sensitivity contour plots at the significance level of o = 0.05.

zero, and correctly indicates that a confounder as strong as X could explain away the observed effect.

F.2.5 Difference in statistical inference

Huang and Pimentel| (2025) focus on parametric nuisance estimators, and recommend using the
percentile bootstrap to construct asymptotically valid confidence intervals for 8, under pre-specified
restrictions on confounding strength. For completeness, here, we provide additional results for the

centered OVB formula, which allows inference with DML. In particular,

0 — 05 = —poCoay Cuwop\/ 032055

where,

1— R?
Oxu~Ox|[1,D=0
po := Cor (9o — gos, Oxv — Ox | D =0),  Ciay = NAy~v|x.p=0r Cuop = —pg—— x| :

OXUNOXH,DZU
Ox )2
19}

and

o2, := E[Var(AY | X,D =0) | D = 0], V2 = E

D:O]—l.
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In this characterization, 65 and o3, can be estimated using the same scores as in 7. We

derive the following debiased score for 12,

B 2
b, (i) =22 (B = (o, + 1) - T2 ((OOX) (Rt 1)) .

F.2.6 Simulation: comparison with HP

In this section, we use Monte Carlo simulations to compare the finite-sample properties of our
approach with those of the “centered” approach introduced in Section both implemented via
DML. We follow the same data-generating process as in Section

1. Coverage and width of confidence bounds.

Coverage Prob. of 90%, 95%, 99% Cls (5,000 repetitions)
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Figure 17: Empirical coverage probabilities of 90%, 95%, and 99% confidence bounds across sample sizes n
and treatment probabilities p, using the true bias factors; red dashed lines indicate nominal coverage levels.
For n = 500, the centered conditional yields 34 negative estimates of v2, when p = 0.2 and approximately 46

when p = 0.8. We omit these cases when calculating the coverage.
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Histogram of diff. in Widths (uncentered - centered cond.), from 5,000 repetitons
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Figure 18: Boxplots of the difference in confidence-interval widths (uncentered conditional minus centered

conditional) across sample sizes and treatment probabilities; the red dashed line denotes zero difference.

2. Sensitivity statistics.
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Comparison of Est. Robustness Values with Ground Truth
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Figure 19: Empirical estimates of RVg-—g =0 and XRVy+—¢ o—¢ across sample sizes and treatment proba-

bilities (5,000 repetitions).
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Comparison of Est. Robustness Values with Ground Truth
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probabilities (5,000 repetitions).

F.3 Relationship to pre-trend—based extrapolation approaches

This section compares pre-trend extrapolation (Rambachan and Rothl 2023) with the OVB formula.

The main idea of the former is to extrapolate post-treatment deviations from parallel trends using
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pre-treatment information. Under standard DiD identification assumptions, the following result

provides the bridge.

Proposition 13 (Parallel trends violation as omitted variable bias).

Under no anticipation and consistency,
ATT — 05 = =6, with § := E[E[AY(0) | X,D =1] — E[AY(0) | X,D =0] | D =1],
where § is the violation of the conditional parallel trends assumption, averaged over the X distribution

of the treated group.
If, in addition, the conditional parallel trends assumption holds given (X,U), then

E[E[AY(0) | X,D = 1] - E[AY(0) | X,D = 0] | D = 1] = Elgo(X,U) | D = 1] - E[gos(X) | D = 1].

=:0 (deviation from parallel trends) =00—00s (bias from omitting U)

Proof. By the proof of Proposition [ if no anticipation holds, we have
ATT := E[Y2(1) = Y2(0)|D =1] = E[AY (1) | D = 1] — E[AY(0) | D = 1].
Then, by consistency,
ATT — 0, = E[AY(1) | D=1] — E[AY(0) | D = 1] — E[AY — gos | D = 1]
= E[AY |D=1]—-E[AY(0) | D=1] - E[AY | D=1]+ E[E[AY(0) | X,D=0] | D =1]
= —E[E[AY(0) | X,D =1] | D =1] + E[E[AY(0) | X,D = 0] | D = 1] by LTE,
= —-E[E[AY(0) | X,D =1] - E[AY(0) | X,D =0] | D = 1]
= —4.

This matches Example 2.2.3 of Rambachan and Roth| (2023)) where ¢ is the violation of conditional
parallel trends, averaged over the X distribution of the treated group. As a special case, if one
instead uses the unconditional untreated mean trend E[AY | D = 0] (in place of gos) as a proxy for
the treated group’s counterfactual trend, the deviation from parallel trends reduces to § = E[AY(0) |
D =1]— E[AY(0) | D = 0], which matches Example 2.2.1 of Rambachan and Roth| (2023).

Assume further that the parallel trends assumption additionally holds conditional on (X, U),
0:=FE[E[AY(0) | X,D=1]—- E[AY(0) | X,D =0] | D =1]

= E[AY(0) | D = 1] — Elgos(X) | D = 1] by consistency,

— E[AY(0) | D = 1] - Elgo(X,U) | D = 1] + Elgo(X,U) | D = 1] — Elgo,(X) | D = 1]

= E[AY(0) | D =1] = Elgo(X,U) | D = 1] + (6o — 0os)

= E[E[AY(0) | X,U,D=1]| D =1] — E[go(X,U) | D = 1] + (6o — 6os) by LTE,
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= B[E[AY(0) | X,U,D = 0] | D = 1] — E|go(X,U) | D = 1] + (6 — fo,) by conditional PTA,
= Elgo(X,U) | D =1] — E[go(X,U) | D = 1] + (6p — 6os) by consistency,
= 0y — bps.

O

Note the pre-trend extrapolation approach is a partial identification exercise where confounding
restrictions are imposed using pre-treatment information. In contrast, we treat confounding strength
as a sensitivity parameter and explicitly trace how identification and inference change as this strength
varies. These two approaches are complementary. Pre-trend extrapolation can be used to motivate
a range of plausible confounding strengths based on restrictions on deviations from parallel trends,
while our results help interpret and translate a given confounding strength into the corresponding
magnitude of deviations from parallel trends.

We now highlight two primary limitations of the extrapolation-based approach.

e Not applicable to the canonical two-group, two-period DiD: The extrapolation-based
approach relies on pre-treatment information to infer post-treatment deviations from parallel
trends. In contrast, our results do not require pre-trend information and can serve as a general
building block for sensitivity analysis of the ATT in both two-period and multi-period designs
(Callaway and Sant’Anna, 2021)). In this way, we can see pre-trend extrapolation as one

additional way of benchmarking confounding strength, as discussed in Section

e Sensitive to mismatches between pre- and post-treatment deviations: Even when
pre-treatment trend information is available, the extrapolation-based approach may not cor-
rectly restrict deviations from parallel trends in the post-treatment period. Pre-treatment
trends may fail to detect post-treatment violations of parallel trends, and conversely, pre-
treatment deviations may exist even when post-treatment parallel trends hold. Our approach
provides additional ways to gauge the magnitude of the bias, such as, for example, comparing
it with the bias induced by observed covariates. This provides a more complete picture of the

robustness of the result, and also allows us to put the pre-trend bias itself into better context.

85



F.4 Deferred proofs

Proof of Proposition[]. We first construct some important relationships:
0. g Var(ow) _ Pl

amas Var(a)  E[a?]
vre E[Elof | D]] _ pEla
E[E[a? | D]] pFEla
3t X Elag | D=0

- L+ L xElg| D=0

: |+ (1-p)
2 +

|D=1
| D =1]
]

2 2
_ ROXUNolD:() + O x ROXUNOX|D:O

2
ROXUNO‘DZO + o

2
ROXUNO\D:O w14 0] o R2
2 2 OXUNOx|D=O7
ROXU~O|D=0 +0 ROXU~O|D=0 +0

L (Blad, | D=0~ 1)+ L

(2) : R?XN% =
L+ < (Bld [ D=0 1)+ 5
_ % + Var(ags|D = 0)
% + Var(ag|D = 0)
Lt 2P Var(Ox | D =0)
N 1+ P2 Var(Oxy | D =0)
_p+(1 —p)?Var(Ox | D =0)
D+ (1 —p)QVar(OXU ‘ D= O)
1 1 2
-+ — X Fla s D=0
(3): ngas — 1’1 1—117 [ 02 | ]
det O+ E[O% | D =]
O+ E[0%, | D=0
O+ = (E[Ox] —p
= 11 p( Ox] ) by Proposition (4),
O + 155 (E[Oxu] - p)
E[Ox]
E[Oxu]
Accordingly,
1—R?
By (1): C% = — o~
PR,
_ 1- R2OXU~OX|D:0
lRQ + R2 .
O0""Oxy~0|D=0 Oxy~Ox|D=0
1—R2 B
Additionally, 1 — RZN% = OXUNOX|D—O'
080 y~oip=o 1
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1 — R?

1 p+(1=p)* Var(Ox|D=0)
p+(1—p)? Var(Oxy|D=0)
p+(1—p)2 Var(O x| D=0)
p+(1-p)? Var(Oxy | D=0)
B Var(OXU | D= 0) — Var(OX | D= O)
B 5 % 02 4+ Var(Ox | D = 0)

_ p2
1= R5 0y 1,0=0

By (2): C% :=

1 R2 ’
pXCVOQXU + OXUNOXll,DZO

1 - R -
Additionally, 1 — R2_, = O){UNOXll,D—O.
g, T
1—-R?
L2 a~vos
E[Ox]
_ 1= mow _ BlOxu] - B[Ox]
EOox] — —  E[0
FlOx0] [Ox]

_ E[Oxy | D=1] - E[Ox | D =1]

ElOx | D=1]+1
2(p P —x2(P P

_ pal X,U\l! X,U|0) pal )1<|1H X|O) by Proposition(Q).

X*(PxpllPxpo) + 5
2P P —x2(Px||P
Additionally, 1 —szas _ X ( X,U;H X,U|0) X( XEH X\O).
‘ X*(Px vl Pxo) + 5

by Proposition [2] (4),

Proof of Proposition [§.

(i) Define gq := E[AY | X,U,D = d] and gg4s := E[AY | X, D = d]. Note that g4(X,U) = g(D =
d, X,U) and g45(X) = g5(D = d, X), for d € {0,1}.
CiY — Var(g - gs)
Var(AY — gs)
vy E[Var(g —gs | D)] + Var(Elg — gs | D))
E [Var(AY — g4 | D)] + Var(E[AY — g | D))
it E[Var(g — gs | D)]
E[Var(AY — g4 | D)]
__pxVar(g—gs | D=1)+ (1 —p) x Var(g —gs | D =0)
px Var(AY —gs | D=1)+ (1 —p) x Var(AY — g, | D =0)
_ pxVar(¢g1 —g1s | D=1) + (1 —p) x Var(go — gos | D = 0)
px Var(AY —gi5 | D =1)+ (1 —p) x Var(AY — gos | D = 0)
:prar(gl—gls\Dzl) (1 —p) x Var(go — gos | D =0)
an%s—l—(l—p)XU%s pXG%S—F(l—p)XUgS
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_prar(AYfgls\Dzl)X Var(g1 —gq1s | D =1)
- pxol,+(1—-p) xad, Var(AY — g1 | D =1)
(1 —p) x Var(go —gos | D=0)  Var(go — gos | D =0)
px o2+ (1—p)xad, Var(AY — gos | D = 0)
2

P X 07 2 (1_p)><083 2
= x Ciay + x Coay
pXO'%S—i-(l—p)XO'gS ! pXU%S—F(l—p)XO’gS 0

= Woay Coay + (1 — Woay)Ciay-

The 6th and 8th equalities are established by observing that for d € {0, 1},

Var(AY — ggs | D = d) "X E[Var(AY | X,D = d) | D = d] + Var(E[AY — g4 | X,D =d] | D = d)
"I E[Var(AY | X,D = d) | D = d]

def. o

= O'ds.

o2 . 1- R ., _ E[Oxu]- E[Ox]
b Rgxwas B E[OX]
_ px (E[Oxu | D=1]-E[0x | D =1))
- px (BlOx | D=1]+1)
_ ElOxy | D=1]-E[Ox | D =1]
B E[Ox | D=1]+1
_ ElOxy | D=1]-E[Ox | D =1] EOx | D =1]

by Proposition [2 (4),

- EOx | D=1] “Eox | D=1 +1
wt o Elox|D=1]
= G0 X o D=1+1
O x V2
2 Os
7CODXO><1/§8+1’

where the last equality uses 13, = %, which was established in Corollary (1} Further-
more, to better separate the confounding strength of interest from the sampling mechanism,
we use V3, = X2(PX\1||PX\0) + 1, which was established in Corollary (I} Then, the following

relationship holds:
O x (X*(Px1llPxj0) + 1)

Ch=Cj :
b= X 5% O (PxllPxpo) +1) +11

(iii) We begin by constructing several key relationships between the covariances in the conditional

and unconditional results.

Cov(g — gss @ — as) = E[(g — gs)(a — as)] "= E[E[(g — 95)( — ) | D]]

:pE[(g_gs)(a_as) | D= 1] +<1 _p)E[(g_gs)(a_as) ‘ DZO]

1
=(1-p)E |(g90 — gos) X (—OXU+OX)><I;|D:0
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= & % Bl(go ~ gus) (~Oxu + 0x) | D=10]

= —FE[(g90 — g0s) (a0 — aps) | D = 0]
= — Cov(go — gos, 0 — s | D =0),

Var(g — g5) "X E[Var(g — g, | D)] + Var(E[g — g, | D))

2E E[Var(g - g | D)]

= Var(g —gs | D =1)p+ Var(g — gs | D = 0)(1 — p)
(

= Var(g1 — g1s | D = 1)p+ Var(go — gos | D = 0)(1 — p),

Var(o — o) "= E[Var(a — a, | D)] + Var(E[o — as | D))

" BIVar(a — as | D)]

=0xp+ Var(a—as | D=0) x(1—-p)

:Var<_OXUp+OX|D:O> < (1—p)

:Var<OM](;Q)(|D:0>X:l1p

1
def ﬁVar(ag —aps | D =0),
Accordingly, the following holds:
2 Cov®(g — gs, a — as)

" Var(g — gs) Var(a — ay)
Cov2(90 — gos, o — s | D =0)

(Var(gr — g1 | D = 1)p+ Var(go — gos | D =0)(1 = p)) x (1%, Var(ao — ag, | D =0))

2 2
de. P B i
Var(gi—gislD=1) = o
Var(go—go.0=0) X O T1 \ G x0+1

0AY %0s

We implicitly assume that Var(go — gos | D = 0), Var(ag — ags | D = 0) > 0; otherwise, the

bias is zero.

(iv) Supplement: Finally, combining the results above, we show that the unconditional result
reduces to the conditional result. We begin by deriving two important relationships for the

scaling factors:
(1): Var(AY — g,) = E[(AY — g,)%] "= E [E[(AY — g,)? | D]]
= pE[(AY — g15)* | D = 1]+ (1 = p)E[(AY — gos)* | D = 0]

=pVar(AY —gi1s | D=1)+ (1 —p) Var(AY — gos | D =0),
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(2): Var(as) = E[o?] "2 E [E[a? | D]]

=px Elal | D=1]+ (1 —p) x Elo; | D = 0]

def. 1 1

p 1-p

The second equality implies that Var(as) = Ela?] > E[ad, | D = 0], with the gap increasing

x Elad, | D = 0].

as p approaches zero or one. Accordingly, we have the following:

p*CRy CpS?

2
P
= e % (1= Woay)Clay + Woay Cay) x (WopCip) x Var(AY — g,) Var(a,)

Var(go—gos|D=0) +1

O x Var(g1 — g1s | D = 1) + 03,Ciny
O x Var(g1 — g1s | D = 1) + Var(go — gos | D = 0)
OVar(g1 — g1s | D = 1) + 03,C3ny
OVar(g1 — gi1s | D = 1) + 05,C5ay

X C’gD X ’/(2)5

= pg x Var(go — gos | D = 0) x

_ 2 2 2 2 2
= py X 05sCoay X x Cop X Vg

= 5ConyCopostis = moCoay Cap Sy,

where the first equality follows from (i),(ii),(iii), the second equality follows from (1) and (2),
and the third equality uses Var(go — gos | D = 0) = 02,C2y-.

An alternative way to establish this equivalence is to use Cov(g — g5, — ag) = — Cov(gp —

gos, o — aps | D = 0) directly, which is shown as part of the proof of (iii).

Proof of Proposition [10

(i) Note that
oy Bl 12D =0
20 11D=0 BloZ, [ D=0
1 @)

T Bla3,[D=0]  BOx|D=1]

Accordingly, we have
L= RS ag1,0=0 _ Var(ag | D =0) — Var(ag, | D = 0)

C2.p = =
OwD R? Var(aps | D = 0)

ag~aps|1,D=0
_ Blo| D=0]- Blad, | D=0
E[a(Q)s|DZO]_1
2
1- Rao~a05|D:0

R? S S
ag~aps| D=0 E[aZ|D=0]

def.

lef. ~2 ap~ags| D=0
= Cip X

2 o 1
ao~aps|D=0  E[aZ|D=0]
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E[Ox|D=1]

2 E[Oxu[D=1]
= Cop X E[OX|D:1]Xi 0
E[Oxy|D=1] E[Oxy|D=1]
E[Ox | D =1] 1
WTEOx | D=1-0\ "TI1-R .,

These equalities follow from the results established in the proof of Theorem

(ii) We begin by constructing several important relationships:
(1): Cov(go — gos, a0 — cos | D = 0) = E[(go — gos) (0 — aos) | D = 0]
= Elgo(X,U)ao(X,U) | D = 0] = E[gos(X)xs(X) | D = 0]
=FE[E[AY | X,U,D =0]ao(X,U) | D=0] - E[E[AY | X, D = 0] avps(X) | D = 0]
= FE[E[ap(X,U)AY | X,U,D =0]| D =0] — E[E [aps(X)AY | X, D =0] | D = 0]
= Fao(X,U)AY | D =0] — E[aps(X)AY | D = 0]

= E[(ao — aps)AY | D = 0] — E[(ap — ags) | D = 0]E[AY | D = 0]

=0

= Cov((ap — awps), AY | D = 0),

where the second equality follows from the proof of Theorem [Ij Moreover, we showed in the
proof of Theorem [l that 03, = Var(AY — gos | D = 0) = E[Var(AY | X,D =0) | D = 0], so

we have

(2): 024, := Var(AY | D = 0)
"V E[Var(AY | X,D = 0) | D = 0] + Var(E[AY | X,D = 0] | D = 0)
= 0'(2)5 + Var(gos | D = 0),

?UOS > 038. Additionally, we have

2 __ Var(go—gos | D =0)
g0~g0s|1,D=0* Var(go | D = 0)
_ — Var(gos | D =0) + 2(E[gogos | D = 0] — Elgo | D = 0]E[gos | D =0))
Var(go | D = 0)

which suggests that o

LTE Var(gos | D = 0)
~ Var(go | D=0)"

Then, we define the corresponding Cohen’s partial f? as:
2
f2 ,_ Rgo~goS|1vD:0
90N903|17D:0 T 1— 2
go~gos|1,D=0
Var(QOs | D = 0)

~ Var(go | D = 0) — Var(gos | D = 0)’
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G

Similarly, we have that
R2 1 Var(AY — gos | D = 0)
AYrgoa|LD=0 " Var(AY | D = 0)
— Var(gos | D =0) + 2(E[AY gos | D = 0] — E[AY | D = 0]E[gos | D = 0])
- Var(AY | D = 0)

LrE Var(gos | D = 0)
~ Var(AY | D =0)’

Accordingly, we have the following:
E. Cov?(AY,ag — ags | D = 0)
w0 Var(AY | D = 0) Var(ag — ags | D = 0)
0 Cov®(go — gos, 0 — ags | D = 0) .. Var(go — gos | D = 0)
Var(go — gos | D = 0) Var(ag — s | D = 0) Var(AY | D =0)
) Var(go — gos | D = 0)

—~

2) 2 5
= Po

o3, + Var(gos | D = 0)
def. 9 % 1 2 % 1
= Po 1 Var(gos]D=0) PO T Var (90| D=0)

Ciny Var(go—gos|D=0) Ciny Var(go|D=0)—Var(gos| D=0)

1 1

_ 2 _ 2
=pp X 1 + f2 =po X 1 + 1 1

Cony go~gos|1,D=0 Cony 1_F‘%ONQOS|1,£)=0

Note that —— + — —12>1, so we have p20 < pg. Alternatively, we have that
Coay 1_R90~905\1,D:U v

9 (1) o Var(go—gos | D=0) Var(AY —gos | D =0)

Pu0 = PO X b (AY —gos | D=0)  Var(AY | D =0)

def. 2 2 2
=" pp X Coay x (1 — RAYNQOSH,D:O)'

Additional results for the empirical application

Our empirical application studies the effect of the minimum wage on teen employment. This section

presents additional results from our main analysis (which uses the never-treated comparison group),

as well as results from the not-yet-treated comparison group.

G.1 Nuisance learners: specification and RMSE

Table [7] presents the specifications of the machine learning methods used to estimate the first-stage

nuisance functions. We consider four learners—a parametric model, ridge regression, lasso, and

random forest—using the covariates from |Callaway and Sant’Annal (2021). Table [§] reports the
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corresponding cross-fitted root mean squared errors (RMSE) for predicting D and AY. The random

forest attains the lowest RMSE for both, and we therefore use it as the learner for our main analysis.

Learner Variables Package Tuning grid
Parametric: region, white, hs, pov,

stats (1m)
Linear for gos Ipop, lpop? N/A

Logistic for m

Imedinc, Imedinc?

stats (glm)

Ridge:

region; cubic polynomials

AOEN = 0 (ridge)

Linear for gos in lpop, white, pov, hs, Imedinc; glmnet
A selected from cv.glmnet
Logistic for 7 region-polynomial interactions
Lasso: region; cubic polynomials
agn = 1 (lasso)
Linear for gos in lpop, white, pov, hs, Imedinc; glmnet
A selected from cv.glmnet
Logistic for m region-polynomial interactions
Random Forest mtry € {2,4,6}
region, white, hs, pov,
(num.trees ranger min.node.size € {10, 15,25,50,75,...,150}

= 1,000)

lpop, Imedinc

splitrule € {variance, extratrees}

Table 7: Machine learning methods used for first-stage nuisance estimation in the minimum wage example.

Covariates enter linearly. Models are selected by minimizing the RMSE.

Methods RMSE(D) RMSE(AY)
Parametric 0.420 0.1548
Lasso 0.3803 0.1540
Ridge 0.3859 0.1539
Random Forest 0.3719 0.1529
Best 0.3719 0.1529

Table 8: Cross-fitted RMSEs for predicting AY and D in the minimum wage application. The random forest

achieves the lowest RMSE for both the outcome evolution and the propensity score and is used as the learner

in our main analysis.

G.2 Multiplier bootstrap for uniform confidence bands

Algorithm 2| presents the multiplier bootstrap procedure of (Callaway and Sant’Anna, (2021)), which

we use to construct the uniform 95% confidence bands shown in Figure The procedure is com-
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putationally fast and, by reweighting rather than resampling observations, guarantees that every

bootstrap iteration retains units from both treated and control groups.

Algorithm 2 Multiplier Bootstrap: MBoot(¢g_)

Input: An n x T influence-function matrix Lpgs, with columns corresponding to time periods
(T =1 in the canonical setup). Significance level a, and number of bootstrap draws B.
forb=1,...,B do

Draw weights {V;}"_, from Mammen’s distribution: let £ = (v/5 + 1)/2,

[, 1 — k with probability x/v/5,

K with probability 1 — x//5.

Compute R* = % Sy (Vi cpgs (Zi)). Denote the t-th element by R*(t) fort=1,...,T.

end for

Estimate bootstrap standard deviations: & = IQR(E*(t))/ (@71(0.75) — ®71(0.25)).

‘Pgs,t
For each bootstrap draw compute t-test, = max; (‘E* (t)‘ /3902 t).
Calculate the critical value as é;_, = Quantile; _,({t-test,}Z_,).

Return: Construct confidence band for 85(t) as al_a(t) = [ég(t) + (61_a8¢38 t/\/ﬁ)}

G.3 Additional sensitivity results

Table [J] reports additional empirical benchmarking results for the minimum wage application. The
gain metrics Goay,; and Gop,j, defined in Section measure the explanatory power of each
observed covariate for the outcome evolution and the treatment indicator, respectively; these are the
gain metrics used in the contour plots in the main text. The correlations pg ;, defined in Section

for benchmarking pg, are all bounded above by 0.3 in absolute value.
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Gain Metrics  Correlation Change in estimate
Observed covariate GOAY,j GOD,j £0,5 (93 — 95’,j
Imedinc 0.0051 0.3701 -0.2296 0.0036
region 0.0049 0.7389 0.1327 -0.0025
white 0.0021  0.5190 -0.0544 0.0006
pov 0.0047  0.2392 0.0834 -0.0011

Table 9: Explanatory power of observed covariates in the minimum wage example. All estimates are debiased

and cross-fitted.
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